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In this appendix we follow the notations, conventions, equation numbers, section num- 
^ hers, lemma, proposition and theorem numbers as used in the main articles (Part I 
""*■" {25] and Part II [26] ), unless otherwise is specifically mentioned ( for instances, those 

T _— i equation numbers starting with A). The references for the appendix are listed at the 

1 \ last three pages. 

O ■ 

^ § A. 1 A proof of the integration by parts formula (2.11) in Part I. 

> 

The Hilbert space V ' coincides with the completion of (IR n ) with respect to 
5_i the L 2 -norm of the gradient pp. That is, for any / G V 1 ' 2 , there exists a sequence 
■ — of compactly supported smooth functions {f ,i} so that 

(All) Wf-foAl = / r lv(/-W| 2 ^0 asi->oo. 

Using the Green identity (compact support ==>■ no boundary term), we find 



jjpn (Vfo,i,Vh) = - J^ n f ,i ■ A h for 



1, 2,.-.. 



It follows that 



1 



/ R „(v/,Vft) + / R „(/A„ ft ) 



< 



1R T 



{(v(f-fo,i),Vh) +(vfo,i,Vh) + (f 0>i Ah) + ([f — f 0) i]A h)} 



< J M n I V (/- fa)\ ■ I V h\ + J M u\f- Ui\ -\Kh 
V (/ - / / 12 



< 



IR" 



2 






..At" ' 



+ 



IR 



„ | / /o,i 



2n 
n-2 



— >■ as i — > oo) 



—¥ as i oo) 



Here we use (A. 1.1), Holder's inequality, the Sobolev inequality (2.9) , and (2.10), 
both in Part I . □ 



§ A. 2. Riesz representation theorem. 

For every bounded linear functional F : 7-L — > IR on a Hilbert space % over the scalar 
field IR, equipped with inner product ( , )u , there is a unique element v G % so 
that 



(A2.1) F{u) 

Moreover, we may take 

F(w) 



(u, v) 



H 



for all u G H 



(A2.2) 



w 



w 



for all w ± N := { F{m) = 0} 



H 



and || F\\y_ = (v , w)^ . See, for example, 



Corollary A. 2.3. Under the conditions and notations described in (A. 2.1) and 

(A. 2. 2), suppose w G "H witt F(w) 7^ 0, t/ten 



(A2.4) 



> 



F(w) 



w 



H 



(Here w may not be perpendicular to the null space of F . 
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Proof. We have 



w = w± + w Q with wj_ _L N and w Q G N ==>- \\ w\\^ = || w±\\$ l + || 
Hence 

H F||2 = \f(w±)\ 2 = l^Hl 2 > LgM! . 

The result follows. □ 
Regarding the functional J Q in (2.13) , Part I, consider the following. For 

z G Z, 

(A2.5) t;6Ker/;(z) (£'(z) [u] /) = for all / G V 1 ' 2 

(/»[/]«) = [using (2.21), Part I] 
«eKer/:(z)[/] 
=> fa, v) v = 

[for /i, refer to (2.23), Part I] 
==> /i ± Ker/"(z) . 



Moreover, 



(A2.6) MGCoker/» ( „ A 2 • /?■ , uj =0 



(W [/] *0 
fallv 

^ (/»[/]«) = for all / G D 1 ' 2 
^ (/»[«]/) = for all / G D 1 ' 2 

[via (2.21), Part I] 

<J=> u G KerJ^(z). 

This symmetry allows us to show that I" (u), treated in the above way, is a Fredholm 
map with index zero once we know that the kernel has finite dimension. See Lemma 
4.1 in [3], pp. 47-50. 
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§ A. 3 Non-degenerate critical points and fundamental notions 
in the degree theory. 

§ A. 3. a. Jacobian and the degree of a regular value for a C l - map . See [H], pp. 
6 . Here we restrict ourselves to an open and bounded domain Q in IR n with smooth 
boundary d Q . Let 

$ : IT 

n 

nr 

be a C 1 -map (up to the boundary dQ) . Suppose G \ $(<9f2) is a regular 

value (pre -images having non-zero Jacobians), then 

(A3.1) Deg($,fi, 0) := £ sign J* (y). 

ye *- x ((5) 

Here J$ is the Jacobian (determinant) of the map $ . 

Intuitively, the degree counts the 'left/right' cutting of the map at . In case 
is a not a regular value, the degree is defined by using a "near-by" regular value. 
See HU. 

§ A. 3. b. Degree for a continuous function. Let 
(A3.2) $ : H -> IT 

be C° (up to the boundary) and 

(A3.3) £ Indeed, assume that 5 := dist (0, $ (dfi)) > 0. 

Define 

Deg($ , fi, 0) = Deg(^, SI, 0) 
for any * G C^H) such that 

|$ (y)-tf(y)| < 5 for all y G H = U dQ. 

See Definition 1.18 in [14] , pp. 17. 

§ A. 3. c. C° property of degree and existence of solution. Let $ G be as in (A. 3. 2) 
satisfying (A. 3. 3). Then we have the following properties. (See Theorems 2.1 and 2.3 
in pi] , pp. 30.) 

(A3.4) Deg($ , Q, 0) ^ ® (y ) =0 for a Vo G ft. 
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That is, the equation $ G (y) = has a solution y a E Q . 

(A3.5) For any ^ G C°(U) with || $ - ^ || c °(nuan) < 5 

=>► Deg ( $ , n , 0) = Deg ( ^ D , , 0) . 
Here 5 is given in (A. 3. 3) . 

§ A. 3. d. Hessian and stable critical point of a C 2 - function. Let O be a non-empty 
open set in JR n and 

/ : O IR 

be a C 2 -function . Suppose t/ c 6 a critical point for / (i.e., y f(y c ) = 0) . y c is 
called a stable critical point if there is an open bounded domain Q CG O such that 
y c E Q and 

Deg(y/, fi, 0) ^ 0. 
(We assume that dfl is smooth.) Here we render 

V/:OcR" -> H n 

y | -> v/(y)- 

Refer to [3], pp. 25. The Jacobian of the map y / is then the determinant of the 
Hessian matrix of the function /. See, for example, [32], PP- 93. 

A critical point of a C 2 -function / is called non-degenerate if the Hessian 
is a non- degenerate bilinear form, or equivalently, the determinant of the Hessian is 
non-zero. As a consequence, the critical point is isolated. That is, there is a ball 
By c (r) such that there is no other critical point in B yc (r) besides y c . Take $ = y / 
in (A. 3.1), we obtain 

(A.3.6) 

. „ . . * i . . det Hessian at y c 

Deg y/, B Ve (r), 0) = sign J vf (y c ) = — — , ^ "stable". 

| det Hessian at y c | 

Moreover, let 

(A3.7) 5:= jm | V /(y)|. 



For a C 1 -function /i defined in a neighborhood of B yc (r) , via (A. 3. 5), we have 



(A3.8) "| V /(y) " V%)l < S for all y G 5, c (r) " 

"Deg(y/, B tfc (r), 0) = Deg(y<7, fl Wc (r) , 0) " . 
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§ A. 4. Curvature, gradient, Hessian, cancelation & matching . 

§ A. 4. a. Calculation of the sectional curvature. Refer to § 3b in Part I. On ]R + x]R ri 
with coordinates 

(A , £i , • • • , £ n ) , 
indexed zero t 



we denote 



9 9 9 

= TTT ) = 77T~ ; ■ ■ ■ ; d n = 7—7- 

dX d£i d£ ri 



Consider a metric of the form 
Ci Si ■ 

g Zij = -^r > < i , j < n , with c Q = c Q > and ci = c 2 = • • • = c n = a > . 

In [3] , pp. 73- 74, we find a list of standard formulas for Riemannian curvature tensor. 
Let us start with the Christoffel symbol, which is given by 

r w . = -\Dh +D h — D h-]-a ww 

J- ij 2 L 1 ' 3 lb wi 'Hj J i/z 

=► rj, = r° c = rx = -~, C = r° = others = o for w^o, z^o 

Recall that 

R (d u , d v ) d w = \/ 9u Vd v 9 W ~ Ve„ Vd u &w — V[e u , d v ] d w . 
In local coordinates x' 1 the Riemann curvature tensor is given by 
Jr° iH = dy w (R(dk, dfidj), 

jyw pj -pw t~\ -pw 1 ■pro nm ■pro nm 

^ jta _ ^fc 1 2j u l 1 kj ~i~ 1 km 1 Ij 1 lm L kj 



r>w 7-j -pw 7-) -pw I -pit; -pm -pw -pm -pw -po -pw -po 

/crM / 1 



\ X J \ X, 
The related covariant tensor is obtained via 

Rijkl — 9zi w R jkl 



( i ^ , j ^ , i ^ j , w = i). 



c / c„ 1 c\ ( 1 



p — n R w — — 

JMjij — yziw n jij — > 2 I \ I I \ 

(z ^ 0, j ^ 0, i + j). 



The sectional curvature [21] is given by 

(R(di, dj)dj, di} g2 g ziw R 



K(i, J) 



V) 

jij 



( di , di) 9z ( dj , dj) gz -(di, dj)l g zii g zjj - 
K(i,j) = ., - for z^O, j?0, i^j. 

9-Lii 9zjj 9zij c o 



R 



R° 



JO J 



n N° 
9z,oo - n ' joj ' 



A 2 . 



c„ c 



+ 



A : 



A ; 



it 



Co_ 

A 2 



c„ c 



K(0, j) 



— for 

c n 



J + 0. 



§ A.4.b. Gradient and Hessian. It follows from the standard expression for gradient 
[33] P] (pp. 28) that 

=> V 3 ,-F(p) = <=f. ^(A, |) = ^(A, |) = ... = 0. 
Here, 

(A. 4.1) the image of (A, £) is denoted by p via the parametrization. 
The Hessian is given by [21] 

with (v*^^ = fiiCVft.JO* + (v^) fc r;. fc , 

where P fc is the Christoffel symbol [2T]. In particular, 
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(v 9 ^)%(p) = 



d 2 ^(A, Q 
d£j dX 

dA 2 



9j <g) cfo/ J for i 7^ and j ^ , 

<9 D ® dy J for i = , j > 1 , 
d ®dX for i = , j > 1 , 



=>- Hess 9z ^(p) is non-degenerate •<=>- Hess (a, 5) (A , £) is non-degenerate. 

§ A. 4. c. Refer to § 3 d, Part I. First we find 

A 2 -r 2 



d_ 

dr 



(A 2 + r 2 )t 
A 2 -r 2 



^1 
dr 2 



_(A 2 + r 2 )^ 
A 2 -r 2 



(r 2 = ^ + .-. + ^). 
-2r r(A 2 -r 2 ) 



(A 2 + r 2 )f (A 2 + r 2 )f +1 



(A 2 + r : 



n X'- 



3nr' 



(A 2 + r 2 )t (A 2 + r 2 )f +1 (A 2 + r 2 )f +1 



+ 



2nr : 



(A 2 + r 2 )f +1 



+ 



n(n + 2)r 2 (A 2 -r 2 ) 



(A 2 + r 2 )f+ 2 



It follows that 

A. 



" x 2 -r 2 ' 




_(A 2 + r 2 )f_ 





d 2 n-ld 
+ 



<9r 2 r dr 



A 2 -r 2 
(A 2 + r 2 )f 



(A 2 + r 2 )f+ 2 



-2n(A 2 + r 2 ) 2 + n(n + 4) r 2 (A 2 + r 2 ) 

-n 2 A 2 (A 2 + r 2 )+n(n + 2)r 2 (A 2 -r 2 ) 



1 



n (n + 2)AV -n(n + 2)A 4 



( A 2 + r 2)f+2 

-n(n + 2)A 2 (A 2 -r 2 ) 



( cancelation + matching ) 



(A 2 + r 2 )f+ 2 
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Hence 



As for 



A y 4> = -n(n + 2)X 



A 



y(Pl 



A, 



(A 2 + r 2 ) 
=► A 



y 



2 (A 2 -|y~e| 2 ) 

( A 2 + | 2/ _ e |2)f4 



A 



(6 - ui) 



(A 2 + |y-ei 2 )^ 
+ 2V 9 (d- yi) ■ Vy 

+ (6 - j/i) • A, 

2nr 2 — n 2 \ 2 
(A 2 + r 



1 



(A 2 + |y-ei 2 )^ 
1 



L(A 2 + |y-^l 



2^ 



(A 2 + |y-e| 2 )^ 



2^+2 



(A 2 + |y-ei 
Likewise, we can find other terms in (3.8). 



27i(i/i-6) , , 2n\y-C\ 2 -n 2 \ 2 
(A 2 + r 2 )f+ 1 + (6 " yi) 

-n 2 A 2 (6-l/i) 

2^)1+2 ' 



§ A.4. d. Proof of Corollary 3.13, Part I. Recall that 

r "+ 2 

\H\% = y^JV^I 2 , and AV Xt z + n(n-2)V x n - ( ? =0 in IT. 

Via the integration by parts formula (2.11) in Part I, we obtain 
f 1 f If 

Using Proposition 3.11, Part I, and the fact that w _L (span{z} © T z Z ) 
(z, u>) v = , we obtain the inequality (3.14). Cf. Remark 4.2 in [3], pp. 
and the proof of Lemma 2.10 (loc. cit. pp. 21). 
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§ A. 5. Uniform approximation. 

§ A.5. a. Proof of Proposition 4.6, Part I. For / G (T z Z) x , write 

/ = fll / A, 5 + / = az + f, 
where / _L ( span {z} © T z Z ). Here oeE. As 

= a/»[z] + /»[/], 

using (2.21), Part I, the Rieze Representation Theorem [cf. (2. 23), Part I], and 
calculation similar to that in (3.15), Part I, we have 

4 



J»[az] = 



n-2 



(az) 



Thus (4.7), Part I, holds when / = . Next, we assume that / ^ . Write 
(A5.1) f = f P + f , where / p JL Ker/ '(z)[/] and / e Ker /„' (z) [/] . 
Observe that 



Corollary 3.13, Parti 



(/»[/]/) > 2c 2 ||/l 2 v > 



/ Ker/ '(z)[/] 



/p ^ o. 



Using (2.23), Part I, we obtain 



(/» [/]/,) f - (gg) [/]/) f - 

II f ||2 



2 

Pll V 



2 

Pll V 



Via Corollary 3.13, Part I, we have 
" " pII 2 v ) U 



> 



2C2||/|| 2 V 



2 

Pll V 



>s (/»[/]/„) = 0] 



v > 202 11/11 v , 



n i| jp|| v . Together with (2.21), integration by parts formula (2.11) (both 



as ||/||v > 

are found in Part I) and the fact that / _L z , we infer that 



/;(z)[/](z) = o = 

It follows that 

Jo (*)[/] = - 



zeKer/;(z)[/] =► z JL f p 

( m*) in f) 



[via (A 5.1)]. 



4a 



n-2 



n-2 



Pll v 
azll 2 +4 Co 



/p 



> 4 



2 

V ' 



as 



2 

v 



az|| v + 



)■ 
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Here we can take C3 = min < , 2 c 2 

n — 2 



§ A.5. b. Refer to §4g, Part I. See also [3] (pp. 53), and [4j. As in Lemma 2.21 
in [3] (pp. 27 ) , we seek to show that the remainder 

R z (w) := I' {z + w) - I»M 

has the uniform property 

(A5.2) \\R Z {w)\\ — o(\\w\\ v ) when ||w|| v — > (uniform in z G Z) . 



Recall that, as operators acting on [•], we have 
I'Jz + w) = 



and /"( Z )M 
It follows that 
(A.5.3) 



1R" 
1R" 



V(z + w),vH)v - n(n-2)(z + w 

4 

Vw,vH)v ~~ n(n + 2)z™- 2 w ■ [• 



71 + 2 

n-2 . 



RJw) 



1R" 



n + 2 



(V -2 , V [•] ) v _ n (n - 2)(z + u>)+ 2 • [•] + n (n + 2) z^- 2 w 



n + 2 



-Az-n(fi-2)(z + «;)f 2 + n(n + 2) z «- 2 w 



s±a n+2 n + 2 _4_ 
z + u>)+ — z«- 2 -Z"~ 2 W 



n-2 



n+2 



( applying the equation A z + n (n — 2) z n ~ 2 = ) . 

One can proceed to the remark made in the proof of (ii) in Lemma 4.7 in [3] (pp. 
53, that is for the subcritical case). The proof for the critical case is similar. We 
provide the following argument. 



Using the Taylor expansion we observe that 



(1 + a)™- 2 



1 + ^±|-a + 0(l)a 2 



n-2 



n+2 n + 2 

(1 + a) «- 2 — 1 • a 

n — 2 



< Ca- 



for I a\ < 



for I a\ < - 



n+2 

/, - " + 2 n + 2 / C\n-2 n + 2 

(6 + c)™- 2 = b™- 2 I 1 + -J = o«-2 



1 + 



n — 2 \ 



n+2 n + 2 T2 + 2 4 

+ c)™- 2 — o™-2 — o»- 2 c 

n — 2 



for 



for 



1 

< - 
~ 2 



1 

< - 
~ 2 



11 



Here a, b and c are numbers , whereas C is a positive constant depending on the 
dimension n . Given a (small) number 7, as long as 



w{y) 



< 7 



z (y) 

[z(y)+w(y)]l 



n + 2 
-2 

+ 



recall that z is a positive function) 

n + 2 r . 



n+2 
n-2 



n-2 



[z(j/)]»-a 



< C-7[z(j/)]»-3«;(j/). 



Let 



Hence 



1%) 



/ 



«±| „+2 n + 2 4 

Z + — Z"- 2 Z"- 2 w 

n — 2 



< c • 7y z™~ 2 1 w| • I [•]! < C7 



n+2 

(/" 4 2n \ 2n 

/ z™- 2 W\ n + 2 



| I Ml 

„[•]" 



< 7 



n-2 
2n_ \ 2n 

-2 



< C\ ■ 7 ( I -I " 2 " 2 : »'l 7 : 



n+2 
2n \ 2n 



[« 



< Ci-7 



2n \ n + 2 

£ n-2 



n — 2 

2n n + 2 \ n+2 
yj I n+2 ' n-2 



n + 2 
2n 



Id 1 2 



< C 2 -7 II HIv • II [• 



(applying the Sobolev inequality) . 



On the other hand, 



k 

<- k 



JR"\n-, 



< 



(z + w)+ — z™- 2 Z"- 2 w 

2+2 n + 2 _4_ . 
(z + I + z™- 2 H z«- 2 I w\ 

1 n+2 n+2 n+2 n + 2 71 + 2 4 n+2 

(1 + 7 ) n ~ 2 if n_ 2 + 7 n ~ 2 w\ n ~ 2 + 7 n ~ 2 w n— 2 



n-2 

[|«;(y)|>7-z(y) for yeJR n \n, 



[« 



7 *| > 



n + 2 /" n + 2 

< C17 »- a H n_2 • I Ml 

n + 2 

n + 2 / /" 2n \ 2n 

17 UIR" 



n-2 
2n \ 2n 

I n-2 



< C 2 



n + 2 



7 ™- 2 • || w 



4 - 

n-2 
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Thus as long as 
(A5.4) 
we have 
(A5.5) / 



4 
n— 2 



7 "-2 • || w\\ ™ < 7 || it7|| v < 7 2 , 



n+2 . „ 

(Z + w)l - z»-2 - 



n + 2 _j_ 

z™- 2 u> 

n-2 



< C 3 • 7 || w\ 



nr 



(z + W)+ — Z«- 2 Z«- 2 W 



< C± • 7 || w\ 



R z (w) 



R*MW r I, I, 

SUP = C 5'7lMlv 

Hllv#o IIWIIv 



As 7 can be chosen to be small [cf. (A. 5. 4)] when || u>|| v — > 0, we obtain 
||-Rz(^)|| = °(l)"HHIv = °(ll u 'llv) when ||w|| v — > . 



§ A. 6. Bounded projection. 

In Part I, refer to (4.11) and condition (iii) in Lemma 4.11 . From (2.14), 
G(f) = c_i j^Hfr 2 for feV 1 * 2 . 

The Frechet derivative of G is given by 

r "+2 

(A6.1) G'(z + «;)([.]) = -c n J Mn H.(z + w)r.[.\ for [.JeP 1 ' 2 . 
It follows that 

(A6.2) \G'(z + w) ([•}){ < d [ \z + w\^ | [«]| (| if | is bounded) 

jIR 



n+2 n-2 



Using the inequality 

(z + | iy| )~ < C(n) z~ + | (recall that z G Z is positive), 
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n+2 
2n \ 2n 



2n , 2n 



we have 



G'(z + w) ([•]){ < C 2 



< C 2 -[C(n) + C 3 }^ 



n+2 

2n 2n \ 2n 

z| n -' 2 + I w\ n - 2 

n + 2 



for || w || v < 1 



Here we use the Sobolev inequality. Therefore 

(A6.3) ||G'(z + iu)|| < C for all zGZ and w with || w\\ < 1 . 

§ A. 7. More uniform bounds. 

Refer to § 4 d, Part I. Consider the following uniform bounds. 

(A7.1) I (z + w £ (z)) = / (z) + /»[«; e (z)] + (|Mz)||) 

= c 4 + (|K(z)||); 

(A7.2) G(z + w £ (z)) = G(z) + [G'(z)\w £ (z)]+o(\\w £ (z)\\); 

(A7.3) I' (z + w £ (z)) = [7»|«, e (z)] + (|Mz)||); 



(A7.4) G'(z + w £ (z)) = G'(z) + [G"(z)\w £ (z)]+o(\\w £ (z)\\). 

See §A.5 for (A. 7.3). Here we demonstrate the arguments leading to (A. 7.1) and 
(A.7.4) . 

I. I (z + w) 

= J^n ( \ ( V (z + w) , V (z + w) ) - • n(n - 2)(z + w)^ 



n-2 

■ 77 

2n 

I (z) - _ • n(n 



(n-2) J^ n (z + w)^ 

~ ^ Jet 



2n 2n 111 n-j-2 

z + u>) "- 2 — z »- 2 r • z "-2 • iu 



ra+2 
Z n-2 . W 



n-2 

(cf. the argument in §A5) 
2n 2n 



P 



n + 2 



q 



n-2 



= 7 (z) + o(||Hlv) 



(uniformly, as || w|| v — > 0) 
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Here 



In(z) 



1 

2J]R n 

-I 
-I 

2JWC 
(n-2) 



(VoZ, Voz) - (n-2) / z«-2 
[- A fl z] ■ z - (n- 2) 2 z^5 
n(n — 2)z»-2 — (n — 2) Z"-a 



1 



C4 



/nr \i + 1 2/| 2 y 

via a translation and rescaling. Likewise, 

II. ( G'(z + tu) - G'(z) - G"(z) [ iu]) [•] 

„ f ( , 2+2 n + 2 _j_ 

= C [(z + w)"- 2 — z«-2 — z™- 2 ■ w 

j]R n V n — 2 

= o(||iu||y) (uniformly, as ||u>|| v — >■ 0) 

Here indeed the formulas allow w G P 1 ' 2 with suitable bounds on || w|| v . 



§ A. 8. Argument toward Proposition 4.15 in Part I. 

Let {<zf' 1 } be an orthonormal basis of T Ze .Z. See (3.5). Here 

n — 2 

Via the Lemma 4.1, given any 5 > 0, there exists a positive number e such that 

(A8.1) \\w £ (z)\\ v <5 for all zeZ and |e|<e. 

We follow closely the argument in the proof of Theorem 2.12, as well as the notations 
used in [3]. As the argument is the same at every critical point z £j i, we simplify the 
notation by taking away the suffix and superfix e , i. That is, in what follows 



e, i 

Qe 


->• 




z e, i 


-> 




We,i 


-> 






— >■ 


A 




etc. 
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Set 

B jt i := X-(DjW, q e ) for j , £ = 0, 1, 2, • • •, n , 

and 

d d 

As w; e (z), the solution to the auxiliary equation, is perpendicular to T z Z , one has 

(A8.2) (w{i),q e ) v = for £ = 0, 1, 2, • • •, n 

( D jti(z), q e ) v + (w(z), Djqe)^ = 

\{D j w (z) , q t ) v | < \\w (z)|| v ■ % || v < • || u) (z)|| v 

(using (3.6)) 

\B jti \ < C{n) ■ ||w(z)|| v < C{n)-5. 
Here we apply (A.8.1). As z is a critical point of $ £ (see the chart in §2e), we have 
(A8.3) (I' £ {z + w(z)), D j z + D j w(z)) v = for j = 0, 1, 

r//~ ~ DjZ + DjW (z) \ 



=> <-T;(S + »(i», 9i)v + CjA ^(z+tii(z)), Biil^ =0. 
Here we use (3.2) and (3.3). Write 

n 

4(z + w(z)) = 

"(A8.3)"=> Aj + A £ [B j>e ■ Cj] = 0. 

Other part of the proof follows as in the proof of Theorem 2.12 (pp. 22 in [3]) . □ 

Remark. The smallness of Bj t t basically said that the "tangent spaces" at z and 
at z + w(z) are almost parallel. 
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§A.9. G'. 

Refer to the proof of Lemma 4.16 in Part I. Here 

n-2 



Hu 



2n 
n-2 



It follows that 



(A9.1) G'(z + «;)([•]) = -c n f n H'(z + w)F* ■[•] for zGZ and w e V 1 ' 



Hence 



G"(z + u>) ([•])! < d f n \z + w\^ | H| (as if is bounded) 



n+2 
n+2 2n \ 2n 
Z + W\ ™-2'n+2 

IR" 1 1 J \JW 



n-2 
2n \ 2n 
I n-2 



n + 2 
2n \ 2n 

< ' : i / IR „( M)^ 



Using the inequality 

2n 

(z + \w\)— < C 3 

we obtain 

(A9.2) | G'(z + w)([m])\ < C 4 



2n 2n 
Z n-2 _|_ W n-2 



IT 



n + 2 

2n 2n \ 2n 

Zn-2 -)- JO n-2 



< C A [C 5 + C 6 }^r 



for || w || v < 1 . 



Here we use the Sobolev inequality. (A. 9. 2) leads to 

(A9.3) ||G'(2 + iu)|| < C for all zGZ and w with ||w|| v < 1. 
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§ A. 10. Kazdan - Warner condition. 

For equation (1.1), a guiding relation is revealed when we differentiate K with respect 
to a conformal Killing vector field X - one that generates a family of conformal 
transformations. In this way we obtain the renowned Kazdan- Warner formula [8] 

/ X(K)u—dV gi = 0, where X{K) = (X , \J 9l K) gi . 
Js n 

Simple and elegant, the Kazdan- Warner formula encapsulates a central character of 
the equation, namely, the balance between y Sl /C and u . 

Definition A. 10.1. A function /C G C 1 (lR n ) is said to satisfy the K-W condition 
if there exists a {single) positive function f e C°(S n ) such that 

(A. 10.2) 

I X(/C)f n - 2 dV gi = for all conformal Killing vector fields X. 

The collection of all conformal Killing vector field on S n can be regarded as 
a linear space of dimension (n + l)(n+ 2)/2, with a basis formed by the generators 
of the dilations (n + 1 dimension), denoted by X\, ■ ■ -, X n+ \ , and of the rotations 
[n{n + l)/2 dimension], denoted by X n+2 , ■ ■ •, X ( n +i){n+2) . Refer to [18] . 

2 

Dilations. By the homogeneity of S n , these are generated by 

V Sl xe for £ = 1, 2, • • •, n+ 1. 

Rotations. Let G be a rotation of 5 n , which is an isometry. Consider the integral 

/ [Koe]/^^ = / Koi/oe- 1 ]^^ 

Js™ JS n 

Here we apply the change of variables formula, noticing that the rotation of the 
standard metric g\ on S n is isometric to itself. In particular, if 

n-2 

f(x) = U+it-ei*) 1 • 

then, via the Obata theorem [21], we can express 

n-2 

(aio.3) f(e-\ x) ) = ( A/2 + | A ^_ e|2 ) 2 . 
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§ A. 10.1. Pohozaev identity. Expressing (A. 10.1) in R™ via the stereographic 
projection, we obtain 



(A10.4) 
where 



A oV + c n Kv— =0 in IT, 



(A10.5) K(y) := K,{i>-\y)) and v (y) = u{V~\y)) — — 

V 1 + M 

[Cf. (1.5) and (2.4) .] Corresponding to X n+1 = y si x n+ i , note that 



Vsi x n+i — 9i 



d[x n+l oV-\y)} 
dyi 



d 3 = - A (i+rr 



l + r 2 ) 2 



9i = ^Zvidi, 



i=i 



as 



r 2 - 1 
r 2 + 1 



Likewise, 



dyi 



2\ 2 



a,- = i (i + r 2 ) 



a/cop- 1 ^)] 



Hence 



4 

i=l 1 i 1 



2\ 2 



dKoV~\y) 
dyi 



dyi 



52 u 

i=i 



ft 



dKoV~ 1 { y ) 
dyi 



Using the stereographic transformation, (A. 10.1), (A. 10.4) and (A. 10.5) lead to the 
following radial Pohozaev identities 

dK 

-JM n ^dy~ 

This corresponds to the rescalings by a positive number a : 

(r, i?) I— >■ (rcr, i?) , where r > and i? G S' n_1 . 



(A10.6) J^r^-v^ = ± J^Vi^vZ* = [*(„) = Ko^y)]. 



(A.10.7) 

As for Xi = Vsi x i when i = 1, 2, • • •, n, we have (for example) 

2yi 



Xi = 



and V<yi ^i = fi^ 



l + r 2 ' 

d[x! or 1 



^l+r 2 ) - y 2 



$ = ^(1 + r 2 ) 2 
di ~ 52 2/i f < 9 < • 

i=2 



•9 / 2^/! 



cfa/j V 1 + r 1 



19 



From (A.10.1), (A.10.4) and (A.10.5), we obtain 



If 8K 2n If 

A10.8) - / — v— + - \ 



dK 



yn-2 



8K 2u_ 



dK _2£_ 



IBT d Vl J]R n ai d Vl 

n 

-E 

i=2 

It follows that if we have the translational Pohozaev identity : 

, , f 8K 2n 

(A10.9) j^ n — v — =0i 



0. 



dyi 



then (A. 10.8) 



1 



8K 2n 
f " y n-2 



2 m? d Vl 

dK _2n_ 



[ 



yn-2 



n „ 

k 



dK _2n_ 



2 /lR n2/ i 



(A.10.10) 



9 <9A 2n 

2 w — = 2 



hi 



nVl 



" (9 A 

a a 

<9r 



2n 
yn-2 



2n 
yn-2 . 



Theorem A.10.11. For a #wen % G C 1 ^") , let H(y) = U {V~ x {y)) . Suppose 
G\ z [ corresponding to H] has a critical point. Then 

t = 1 + en 

fulfills the K-W condition (A. 10. 2) for any e G H. 

Proof. Let (A c , £ c ) be a critical point of G\ z . It follows from formulas (6.1) and 
(6.3) that 



(A.10.12) ^(A c ,£c) = =► n j^Hty) 



(A.10.13) ^(A c , Q = 



A 



n-1 



HI 



n H{y) 



a c 2 + I1/-&IT 

{^ c + \y-m i+1 
K - yd 



o, 



A c 2 + |y-£ 



2 \n+l 



0. 



Here H{y) = U{-p-\y)) . 
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Translational Case. From (A. 10. 13) we have 

A, 



(A10.14) 
We have 



L H{y) U{ 



A 2 + \y-tc 



H\ < d and | y H(y)\ < 



\y\ 



0. 



for I y\ > 1 



(see Lemma 9.37 in [24J) . Also, 



lim 

J/l[-KX) 



H{yi,---, Vn) 



A c 2 + |y-e c 



for (y 2 , ■ ■ ■, y n ) e IR 



n-1 



Via Fubini's theorem and integration by parts, we obtain from (A. 10. 13) the transla- 
tional Pohozaev identity : 



(A10.15) 
with 

(A10.16) 



dH 2^ 
— — w™- 2 







w(y) 



re — 2 
2 



Radial Case. Consider the integral 
(A.10.17) 

t[L H{v) wA iVi ~ u ' 

A, 



A, 



nj Mn H(y) 



^ c + \y-ic\ 2 ) 



\% + \v-£c 

A c 
A. 



V A c + 1 2/ — 6 



[A C 2 + |2/-^ C |T +1 J 

Z/-e c | 2 + A c 2 -A 2 ] A? 





2/ 


-6 


2 A? 


[A 2 + 


y- 




2jn+l 



1R" 



A, 



A 2 +|2/-£ c 



+ 2njj H(y) 



A?+ 2 



[A c 2 + |y-&| 2 ] B+1 
[using (A.10.12)]. 
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On the other hand, via Fubini's theorem and integration by parts, we obtain 



n „ 
n . 



no™ ^ 



_9 



A r 



^ c +\y-ic 



(yi - fci) 



A r 



9/7 



A, 



= -/ir(f>3-( 



A, 



A 2 + |y-£d 2 



9/7 







BTdyi \\? + \y-tic 
(using (A.10.15) 

(via (A10.17)). 



Imr <9r v A c+ly-Cc| 2 y 

Cf. the radial Pohozaev identity (A. 10. 6). Running the argument backward as in 
(A. 10. 6), we have 



(A.10.18) 

/ X n+1 (H)f—*dV gi = 0, where f(x) 
Cf. also (A.10.5) . 



Ar 



n — 2 
2 



i + li/l 



n— 2 
2\ ~ 



A c 2 + |y-& 



ATi , • • • X„ directions. From (A.10.7) , (A.10.8), (A.10.9) and (A.10.10), we need 
to show that 



A, 



A c 2 +k-£e 



yi 



dH 

dr 



A 2 +|y-e c 



(A1019) be Tim 

in order to obtain 
(A.10.20) 

/ Xi(U) f~ dV 91 =0, for i = 1, 2, n, where /(x) is given in (A.10.18) 

Js n 

Using Fubini's theorem and integration by parts, we obtain 

A c V 



(A10.21) / r 2 ^- 

= ( H— 

JWC dyi 



A 2 + |y-£ c | 2 



^ + \y-ic\ 2 , 



= -2 



J]R nyiH { 



Ar 



K + \y-ic 



)n 
dy + In I r 2 H 



(vi - U) K 



W + \y-U 2 ) n+1 



dy 
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On the other side, 



(A10.22) 





' dH~ 


( A c 




dr 


\^ + \y-Zc\ 



I I 

JS™" 1 Jo 



°° dH 
dr 



r n yi 



A 2 + |y-£ c | 2 



= -In I r H Vl r n - 1 [ 
Js™- 1 Jo \ 

-2 / rHy l r n - 1 ( 
Js™- 1 Jo \ 

r roc 

+ 2n / H Vl r n 

is™- 1 Jo 



A c 2 + |y-e c | 



A, 



dr dS$ 



dr dS,<, 



dr dS$ 



A c 2 + |y-£ c | 2 / 



[A c 2 + r2-2Eecr^ + ie c | 2 



n+l 



dr dS$ , 



where we apply integration by parts formula. 
The last term in (A.10.22) 



2n f f°° H Vl r n - 1 [ 
Js™- 1 Jo \ 



(A 2 + k-e c i 2 : 



n+l 



dr dSf, 



2n I / Hyir 
Is"- 1 Jo 



n-l 



A n. (A 2 +r 2_ 2E ^ 


yi + \Q 2 + r 2 - 




2 - A 2 ) 


(A 2 + 


y-Q 2 ) n+1 



dr dStf 



2n I / Hyir 
/s™- 1 Jo 



n— 1 



A, 



A 2 + |y-£c 



+ 2n [ [°° H Vl r 2 • r n_1 ( 
js™- 1 jo \ 

-2n(|£ c | 2 + A 2 ) / / H Vl 
js™- 1 jo 



dSt 



W + \y-ic\ 2 ) n+ \ 



„n-l 



dS^ 



A" 



(A c 2 + |y-ed 2 )" +1 . 



dr d&s 



Hence 







( \c 




dr 


\^ + \y-U 



= -2 



s™- 1 Jo 



if j/i r 



n-l 



A 2 + |y-e c | 



dr dS^ 



+2n / 1°° Hr 2 ■ r n ~ 1 y 1 t 
Js™- 1 Jo \ 



A" 



(A 2 + |y-e c | 2 ) 



n+l 



dr dS# 
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-2n(|£ c | 2 + A 2 ) f THy^l 
Js"- 1 Jo \ 



W + \y-Zc\ 2 ) n+1 , 



dr dS$ 



+2.4^^-0 ( [Ac2+|y A : gc|2]w+1 ) 

-2n(|£ c | 2 + A 2 ) j^H-iy.-U) ( A 
-2n(|£ c | 2 + A 2 ) jj^tf&i ( 



[A 2 + |y-£ c | 2 ]"+\ 



a: 



[A 2 + |y-e c | 2 ]" + V ' 

The third term above is equal to zero via (A. 10. 13). The first two terms cancel with 
the two terms in (A. 10. 21). Thus we are required to show the sum of the last two 
terms in (A. 10.23) is equal to zero. 

(A.10.24) 

The sum of the last two terms in (A. 10. 23) 

A? \ 



= ZnuJ^H [r 2 -|£ c | 2 -A 2 



= 2ni 



cl 



H 



W + \y-U 2 ) n+1 J 

(A 2 + |2/-£ c | 2 )-2A 2 -2|£ c | 2 + 2]>>-e 



A" 



W + lv-ZJ 2 )"* 1 . 



= 2n £ cl A c 



H 



A 



n-1 



[JW (\ 2 c + \y-Q 2 ) n 



H 



A" +1 



+ 2n£ cl 



Jet 



H 



IR" (A 2 + |i/-e c | 2 )" +1 J 

A?[2|£ c | 2 ] 



H 



H 



(A 2 + \y-£c\ 2 ) n+1 J^ n (A 2 + \y-£c\ 2 ) n+l 
W + \y-Q 2 ) n+l 



(A 2 + \y-£ c \ 2 ) n+1 



0. 



Here we use (A.10.13). Combining (A.10.21) - (A.10.24), we obtain (A.10.20) . 

Rotations. Let Q t be a family of rotations so that 

<m ' X k for A; GIN with = n + 2 < k < (ra + l)(ra + 2)/2 



dt 



t = o 
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As in (A. 10.4) , we have 



/ X k (K)f^dV gi = ±f K{Q t )f^dV 91 =±f K[f(Q^dV gi 
Js n at Js n t=o at Js" 



t=o 



-/ H 



dtJWL 



V+ v- 6 



t=0 



(Ac 



Ac ; 'Co <^C 



via the chain rule and (A. 10. 12) and (A. 10. 13). 



□ 



Here we point out that, in the special case ( A c , £ c ) = (1, ) , 
" (6.5) & (6.6) (Part I) " [ H(x) x e dS x = 

=> I H{x) Ai (xi) dS x = / {\?H(x), \7 gi {x t ))dS x = 

Js n Js n 

/ X t (H)dS x = 

for £ = 0, 1, • • • , n . Here Xi = \/ gi is the conformal Killing vector field on S n 
generating the dilations ( see [18] ) . Observe that when ( A c , £ c ) = (1 , ) , ip = \ 
as described in Theorem 6.10 (Part I). 

We conclude this section with the following (well-known) remark. 

Proposition A. 10.25. Suppose K, G C 1 (S n ) satisfy the K-W condition and 
$ : S n S n is a conformal transformation, then K, o $ also satisfies the K-W 
condition . 



Proof. We first note that $ induces an isomorphism on the collection of all con- 
formal Killing vector field. Suppose <pt : S n — > S n is a parameter of conformal 
transformations which generate X. That is, 

d(j>t 

dt t=o 



X. 



This results 



X(K) f—* dV gi 



d f r , 2n 



t = 



Then 



f X{Ko $)f&dV gi = ^- f [/Co^o^]/^^ 
Js n at Js n 



j t=o 



X{Ko $)f^dV gi = 0, 
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where 



X 

at t = o 



Hence /Co $ also satisfies the K -W condition. 



§ A. 11. Deriving (7.14) and (7.15) , Part I. 

Following (7.3) and (7.4) in Part I, a direct calculation shows that 



d 2 G 



lz 



OX 2 



(1, 0) 



— 2 n (n + 



H(y) 



+ \y\T +1 
H(y) 



+ 4n (n + 1) c i / — — y 

V ; JWC (1 + \y\ 2 ) n+2 

71 ^rl ^ 5 -i / (l-x n +i)H(x)dS x 



+ ! ^^c_ 1 / (l-x n+1 ) 2 H(x)dS x 

Z n JS n 



n(n+ 1) 
2 n 



C-l 



/ ^(x) ds x - -L- / # ( 

using / x n+1 H(x)dS x 
Js n 



In addition, 



= — 2nc_i 



1R" (l + |y| 2 ) n+1 



+ 4n (n+l)c_x J^ n H{y) — 



+ \y\ 



2\n+2 



-^c_x / (1 - a^x) dS x + " ( "J~ 1} c-! / (x,) 2 iJ(a;)^ 
---^c-i [ H(x)dS x + ^±^<U / (a*) 2 ^*)^. 



Here we use 



^n+i — 



r 2 -l 
r 2 + l 



1 — x n+l 



1 + r 2 
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§ A. 12. Xm — \J(t + A)(t — A) is the only critical point in expression 
(2.12), Part II. 

Refer to paragraph proceeding the proof of Lemma 2.21, Part II. The argument is 
based on the following. 

(i) The function — — is decreasing on A ; it is decreasing in a when a > A . 

a 1 + A 1 

(ii) t±A > Ll^L + > 0_. See (2.13) in Part II. 

A A 

We divide the argument into three parts. 

(a) When A < t - A . We have 

t + A t-A n ■ i ■ i 

— - — > — - — > 1 =>- 7i > <p + > <p- > — =>- sin <p + < sin </>_ . 
A A 2 

Thus we have 

f (smaller) f (smaller) 

a /^arctanf i±^) 

=^ — / [sin^]"- 1 ^ > [via (2.13), Part II] 

(b) Likewise, 

t (bigger) | (bigger) 

Q /-2arctan( 

=^ — / [sin^]"- 1 ^ < [via (2.13), Part II]. 

OA J2arctan ( 

(c) Cross over. When t + A>A>t — A. We have 

t 7T 7T 7 

< 0_ < - and - < + < 7r. 

Thus 

sin 0_ 4 from 1 and sin + | to 1 when A increases in this range . 
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While 



[t + A] 



< 



[t-A] 



[t + A] 2 + A 2 [t-A] 2 + A 2 

f) ,-2 arctan ( ^) 

T J 2 L! i^r-u v < o 



when A = t — A 



1 2 arctan 



(^) 



[via (2.13) , Part II] 



[t + A] 



> 



[t-A] 



[t + A] 2 + A 2 ' [t-A] 2 + A 2 

Q p2 arctan ( 



when A = t + A 



OX J 2 arctan ( ^) 



[siny?]™ -1 ciy? > [via (2.13), Part II] 



Moreover, 



[t + A] 



[t-A] 



[t + A] 2 + A 2 [t-A] 2 + A- 



t in A t ( > 0) . 



Thus we see that there can only be one critical point in ( t — A , t + A) 



§ A. 13. Deriving (2.39) in Part II. 

From (2.38), Part II, we have 

2(R X + 5 X ) ( 2(R X - 5 X ) 



(R x + 5 x y + l 

+ 



5a) 2 + 1 



\ (Rx 

(R x + 5 X ) 2 - 1 
(Rx + 5 X ) 2 + 1 " (R X -5 X ) 2 + 1 
1 



(Rx - 



x 



[(R x + 5 X ) 2 + l] 2 [(R x - 5 A ) 2 + l] 2 
x ({2(R X + 5 X )[(R X - 5 X ) 2 + 1] + 2(R X - 5 X )[(R X + 5 X ) 2 + 1]}' 

+ [(A-1)(B+1)-(B-1)(A+1)] 2 ) 
A[2R X + (R X + 5 X )(R X -5 X )(2R X )] 2 + [2(A- B)] 2 

[(Rx + <5 A ) 2 + l] 2 [(R x - 5 A ) 2 + l] 2 
4 • ( [2R X (1 + R 2 - 51)] 2 + [(Rx + 5 X ) 2 - (R x - 5 A ) 2 ] 2 ) 



In the above, 



[( J R A + 5 A ) 2 + 1] 2 [( J R A -5 A ) 2 + 1]^ 



A = (R x + 5 A ) 2 and B = (i? A - 5 X ) 2 . 
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It follows that 



(2n] 2 (4R x ) 2 [(l + R 2 -6 2 ) 2 + 4 61] 
1 e) " \{R x + h) 2 + I] 2 [(Rx-5x) 2 + 1] ! 



§A. 14. Back to S n (refer to § 3 j in Part II) . 

Lemma A. 14.1. Given a positive function /C £ C 1 ' a (S n ) , let K(y) = /C o V~ 1 (y) 
be defined for y £ ]R n . Suppose v £ P 1, 2 PI C 2 (IR n ) is a positive solution of 



A G w + (c n K)v 



n+2 

— = ^n IT 



(A14.2) = u(y) • 



/or x = P -1 ^) £ S n \{N} 



T/ien it /ias a removable singularity at north pole N , and satisfies the equation 

n+2 

(A14.3) Aim- c n n(n- 1) + (c n /C)w^ =0 in S n . 



Proof. As v £ T> 1 2 , via the Sobolev inequality (see for instance (2.9) in Part I 
[25] ) , there exists a positive number C such that 

(A14.4) / \yv(y)\ 2 + f v£s(y) <C. 

By using the Kelvin transform 

V z 



y 



for | y\ > 1 



we let 
(A14.5) 

The equation 



v(y) = v(y) 



\y\ n ~ 2 



with y 



\y\ 



A v(y) + (c n K)v"-z(y) = for | y\ > 1 
is transformed into the equation 



A £(£) + 



y 

\y\ 2 , 



v n - 2 {y) = for < \y\ < 1 
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Furthermore, from (A. 14.4), there exists a positive number C\ such that 
/ \xjv{y)\ 2 dy + / v^(y)dy < C x . 

By a result of Brezis and Kato [IT] , we have v G L°°(_B (|)). It follows that 

v(y) < Yyj^ for I y\ > 1 - 

That is, m is bounded in a deleted neighborhood of N . Standard elliptic theory can 
be applied to show that u has a removable singularity at N , and via the standard 
conformal transform (A. 14. 2), we show that equation (A. 14. 3) is fulfilled. □ 
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Abstract 

For n > 6, using the Lyapunov - Schmidt reduction method, we describe how to 
construct (scalar curvature) functions on S n , so that each of them enables the 
conformal scalar curvature equation to have an infinite number of positive solutions, 
which form a blow-up sequence. The prescribed scalar curvature function is shown to 
have C n_1 ' " smoothness. We present the argument in two parts. In this first part, 
we discuss the uniform cancelation property in the Lyapunov- Schmidt reduction 
method for the scalar curvature equation. We also explore relation between the 
Kazdan -Warner condition and the first order derivatives of the reduced functional, 
and symmetry in the second order derivatives of the reduced functional. 
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§ 1. Introduction. 



We apply the Lyapunov- Schmidt reduction method to find non-constant function /C so 
that the equation 

ra + 2 

(1.1) A 1 u - c n n(n- l)u + (c n /C)M^2 =0 m S n 

has infinite number of positive solutions {ui , which compose a blow-up sequence of 
solutions. We refer to § 1 c for the (rather standard) notations we use. 

The blow-up phenomenon is endogenous to equation (1.1), because of the critical 
Sobolev exponent linked to (n + 2)/(n — 2) (cf. § 2 b. 1) . It is systematically studied 
(see for examples [TT] [12] [13] [TH] [^T] [22] [23] EZ]) - When K equals to a positive 
constant, say, (c n /C) = n (n — 2) , equation (1.1) has a family of positive solutions (via 
the stereographic projection V which sends the north pole N to oo ) : 



n-2 , n-2 

2 



U x ,t(x) := [ x2 + l X y _^ ) 2 " [ l± ^ L ) with (A, € IR + x BP 



n — 2 



Here y = V (x) for x G S n \ N , and U\, £ (N) := [A/2] "a - . In particular, any 
sequence {U\ it ^}^x with Aj — > + and & — >■ is a blow-up sequence. The simple 
idea on perturbing {U\ t ^} to form a blow-up sequence encounters a remarkable obstacle 
on stabilizing and fixing the scalar curvature function K, (non- constant this time) . 

A significant development comes about when Ambrosetti, Berti and Malchiodi, 
using the Lyapunov- Schmidt reduction method, construct many C k - metrics g on S n 
such that the Yamabe equation 

ra+2 

(1.2) A g u - {c n R g )u + c n n(n- l)u^ =0 in 

has infinite number of positive solutions [here g is non - conformal to g\ - the standard 
metric on S n ; R g is the scalar curvature of (S n , g) } . See the renowned monograph [1] . 
This project stems from a study on these wonderful results and seek to apply them to the 
scalar curvature equation (1.1) so as to construct blow-up sequences. 

As we work through the Lyapunov- Schmidt method, we encounter two of the 
main features of equation (1.1), namely, the balance and flexibility (refer to §6a and 
§ 7 ) . The key object is the collection of solutions 

v \ i (v) ■= \ x 2 i . A m 1 2 with ( a, e ir + x mr 



X' + ly-ZW 



1.3) Z := |y A)i 6 2? 1 ' 2 
of the equation 

(1.4) A oVo + n(n-2)vS^ = in IR n . 



n + 2 



2 



'Sitting' inside the Hilbert space T> 1 > 2 [see (2.7) for the definition], the pulled-back 
metric on Z is isometric (up to a rescaling) to the hyperbolic metric on the upper half 
space H + x IR n (this is shown in § 3 b) . We find it curious that Z naturally carries 
such a structure. This fact, although not directly linked to the main aim of the paper, 
provides valuable intuition on the vast amount of space for the solutions to be separated 
(see §5 a), and the correct order to be expected in the derivatives (see §2 in [23J , in 
particular, Lemma 2.65 in [23] ) . 

Via the stereographic projection V (see §2a for more detail), equation (1.1) is 
transformed into 

n + 2 

(1.5) A v + {d n K)v— =0 in IT. 

See (2.4) and (2.6) for the relations between u and v, and between fC and K . Let us 
write 

(1.6) K = 4n(n- 1) + eH. 

Note that c n ■ [4n (n — 1) ] = n(n — 2) . Consider the ' interaction' of H with Z : 

(1.7) G h (z) = c_x J^ n H(y) 

Here c_i is a negative constant defined in (2.15). For £ 6 E small, the question on 
finding a positive solution of equation (1.5) is reduced to finding a stable critical point of 
G\ z . See |4j . This is discussed in § 2 f. 

The balance condition is expressed by the existence of a critical point for G\ z , and 
is linked to the Kazdan -Warner condition (§6c). To study the flexibility part, we show 
that the Hessian matrix of G\ z at a critical point is always trace- free, thus can never be 
positive or negative definite. Instead of looking for strict local maximum or minimum (as 
in the Yamabe equation), we seek saddle points. The contrast here is that one cannot 
'catch' a saddle point by looking at the values along the boundary and comparing them 
to the value of an inside point (cf. the proofs of Theorem 2.16 in (4] and Proposition 24 
in[S]). 

In [2] , using the Lyapunov- Schimdt method on the scalar curvature equation 
(1.1), (finite number of) stable critical points of the G\ z are found by using a degree 
counting method. The research is carried on in [3] , where the authors explore symmetries 
(see also §7c). Each of these methods does not readily juxtapose to produce a blow-up 
sequence of solutions. In this article and its sequel [23], we introduce annular domains 
(see § 1 a), and determine precisely the critical points of the reduced functional G\ z , and 
show that the Hessian matrix at the critical point is non - degenerate (hence a stable 
critical point). By superimposing concentric annular domains, and carefully estimating 



A 



A 2 + |y-e| : 



for z 



Vx, 5 eZ. 
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the gradient interference, we are able to find infinite number of stable critical points via 
degree theory for maps. 

§ 1 a. Description of the main result. Consider the sequence of annular domains 



B ,l±i)\ B jl^i), .... B jl±i)\ B ,^-" 



a J \ \ a J \ a. k J \ V a fc 

We describe the numbers a > 1 and i] G (0, 1) in (1.9) . Choose a small positive 
number a and fix a number r G (n — 1 , n) . Let H s be given by 



;i.8) H s (y) 



L if Be *(i+2)Wi^,. t . = 1 . 2 . 



[o if ^ UL { Bo (i±^)\ B „ 



" 1 - (77 + Q-) 

a fc 



In between 5 (±±i£t£i) \B (i^) and £? (^)\B (^4^) , we properly 



smooth out H s so that H s G C" 1-1 ' ^(M n ) (not necessarily in a rotationally symmetric 
manner , see § 3 g in Part II [23] ) . Together with Part II [23] , We show the following 
result. 

Main Theorem. For n > 6 , let H s G C n_1, ^ (IR n ) be as described in (1.8) , with 
the parameter r and r\ satisfying 

(1.9) r G (n - 1 , n) , l-A 2 >r]>B 2 >0 and < - . 

1 — r] 2 

Here A and B are positive numbers . There exist positive constants C , C\, c and e 
so that if the parameters a and a in (1.8) satisfy 

a > C 2 and < o < c 2 , 



then the equation 

A Q v + c n \in(n- 1) + e H s 



n + 2 

v —2 =o in JR 



has an infinite number of positive solutions {v m }^ =l C C 2, 13 (IR n ) whenever \e\ < e Q . 
Moreover, 

(1-10) IK-^.eJIv < Cx-s for m = l, 2, • • • . 

i/ere A m — >• ano? | £ m | — >• as m — >• oo . As a result, is a blow-up point for {v m }m=i . 

In (1.10), || ||y represents the L 2 -norm on gradient for the Hilbert space D 1, 2 . 
See (2.7) . We also demonstrate in [23] how to transfer these solutions {vi}^ back to 
5"™ as solutions of equation (1.1). [In (1.9), the number 5/2 appears naturally in the 
calculations. It is, however, not claimed to be sharp. ] 
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In this first part, we discuss the uniform cancelation property in the Lyapunov- 
Schmidt reduction method for equation (1.1) . This uniformity enables us to find an 
infinite number of solutions. Already used in the Yamabe problem, and mentioned in [I], 
this property is known by experts working on the area. Nevertheless, it is an advantage 
to have the details recorded down. This is done in § 4 . Given the available references, we 
select those (relatively) routine arguments and put them in the e -Appendix, which can 
be downloaded at 

www.math.nus.edu.sg/ ~ matlmc/e -Appendix.pdf 
§ 1 b. Additional highlights of the article. 

*x In §6, we present the first derivatives of the reduced functional G\ z , and provide 
geometric interpretations of the formulas. The discussion culminates in showing that 
the existence of a critical point for G\ z implies the fulfillment of the Kazdan - Warner 
condition (refer to Theorem 6.10 for full detail). 

*2 In § 7 , we apply the formulas on second derivatives of G\ z to obtain existence result 
[for a single solution of equation (1.1)] under symmetry conditions. See Theorem 7.18. 

§ 1 c. Conventions. Throughout this work, we assume that the dimension n > 3 , 
except when otherwise is specifically mentioned, and let c n = (n — 2)/[A(n — 1)] . We 
observe the practice of using C, possibly with sub-indices, to denote various positive 
constants, which may be rendered differently from line to line according to the contents. 
Whilst we use c and C, possibly with sub-index, to denote a fixed positive constant which 
always keeps the same value as it is first defined. [The negative constant c_i is defined 
in (2.15).] 

• i Denote by B y (r) the open ball in ]R n with center at y and radius r > , and || S n \\ 
the measure of S n in H n+1 with respect to the standard metric. 

•2 A 3 is the Laplace-Beltrami operator associated with the metric g on S n . Likewise, 
A is the Laplace-Beltrami operator associated with the Euclidean metric g Q on IR™, and 
Ai is the Laplace-Beltrami operator associated with the standard metric gi on S n . 

•3 Whenever there is no risk of misunderstanding, we suppress dy from the integral 
expressions. 
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§2. The Lyapunov - Schmidt reduction: the case of 
the conformal scalar curvature equation on IR". 



§ 2 a. Stereographic projection onto IR™. Consider the stereographic projection 



(2.1) V : S n \ {N} — > JR n 

x i — y y = V(x) , where yi 



1 < i < n . 



Here x = (x\ 



(2.2) Xi 



1 — 

x n+l ) E S n \ {N} C H n+1 , and N = (0, • • • , 0, 1) . Conversely, 



2Vi 



1 + r 2 



1 < i < n , and x 



r 2 - 1 
r 2 + 1 



where r = | ?/ 1 . 



It is known that P is a conformal map between (S n \ {N} , (71) and (H ra , g D ) • The 
conformal factor is given by 



(2.3) 

Set 
(2.4) 



9i (x) 



1 + r 



2\2 



9o (y) 



v(y) := u{V-\y)) 



for y = V(x) . 



for yelR r ' 



Suppose m is a positive solution of equation (1.1). Then we have 

(2.5) A v + (c n K)v^ =0 in IT. 
We denote 

K = 4n(n-l)+en. 

In (2.5), for y E JR n , we set 

(2.6) K(y) := £(P -1 (y)) = 4n(n-l) + eH(y) where H (y) 



§ 2 b. The Hilbert space and the (non-linear) functional. As there is an excellent 
book [4J on the topic, we follow closely jl] and set up the basic notations for later study. 
Throughout this article we work on the Hilbert space 



(2.7) P 1 ' 2 = P^QtT) := {/eL^(H»)nw4J0R n ) | / M „(v/,V/) 
The inner product is defined by 

(2-8) (/,^) v ;= J^V/.V^) for / , ip E V 1 

6 



< 00 



a, 2 



which induces the norm denoted by || || v . We recall the following properties. 



§2b.l. Sobolev's embedding with critical exponent. (See, for instance, [8].) There 
exists a dimensional constant S n (see [I]) such that 



(2.9) 



f\~ 



n-2 
2n \ 2n 



IR" 



v/ll : 



for all f EV 



1,2 



§ 2.b.2. Integration by parts formula. The following condition is sufficient for our use 
here. Let h G T> 1,2 n C 2 (WL n ) with 



J nn \A h\^ < oo. 



a, 2 



(2.10) 

Then we have 

(2-11) 4-<V/.V^> = -J M nf-(^oh) for all f £ V 1 

This can be shown by using Sobolev inequality (2.9), and the fact that T> 1,2 coincides 
with the completion of (JR n ) with respect to the L 2 -norm of the gradient [2j. See 
§ A.l in the e- Appendix. 

§ 2.b.3. The non - linear functional. Corresponding to equation (1.5) with (1.6), consider 
the functional I e : T> 1)2 — > 1R given by 

(2.12) 

r r 1 n — 9 n — 9 /• 



4(/) := 



I r? — 2 

2<V/, V/> - ^ _ ' n ( ri_2 )/+ 



2n 
n-2 



— £ ■ 



n-2 



2ra 
.' n-2 



Here /+ denotes the positive part of / . Separately, we define 



(2.13) 



/o(/) 2JW 



2n 

(Vof, Vo/)-(n-2) 2 /r 2 



for f E T> 



1.2 



(2.14) 

Here 
(2.15) 



(/) 



c_i / Hfr 



for f ev 



1,2 



C-l 



2n 



(w - 2) 2 
(n — r 



Jo + G(ff) . 



(The sub index of a negative sign is to remind ourselves that the constant is negative.) In 
most cases there is no risk of confusion, we simply write 

G(H)(f) = G(f). 

Given /C G C 13 (S n ) for G (0, 1) , (2.6) implies that H is bounded and H G C 13 (H n ) . 
It can be shown that any critical point v of the functional I £ satisfies equation (2.1) . 
Moreover, standard elliptic theory and maximum principle imply that v G C 2 (!R n ) and 
v > . See H7j and 
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§ 2 c. First order information - I' and its kernel. For / G V 1,2 , a calculation using 
(2.13) shows that the Frechet derivative of I a is given by 



(2-16) W)[h] 



( V f, v h)-n(n-2)fr 2 -h 



for h G V 



1, 2 



We know that (see [1]), for v Q G V 



i, 2 



= 



v o > is smooth and A t> + n (n — 2) vS 



n + 2 
n + 2 



in IT. 



The classification theorem obtained by Caffarelli-Gidas-Spruck/Gidas-Ni-Nirenberg [B] 
shows that if v Q is as above, then 



(2.17) 



v (y) = V x , ^ (y) 



A 



n-2 
2 



for ?/ G ET 



vA 2 + |y-eiV 
Here £ G IR n is fixed and A > . As set out in (1.3), 

(2.18) Z = Kerl' . 
With the parametrization 

(2.19) $ : 1R+ x ]R n -> Z 

(A,0 ^ ^ A ,f, 

Z is a (n + 1)- dimension submanifold in D 1,2 . 

§ 2 d. Second order information - its kernel. Here we treat the second Frechet 

derivative of I Q at / G P 1 ' 2 as a bilinear map on P 1 ' 2 . See pp. 23 in [5]. The expression 
is given by 



(2.20) (I'M [<f>]h) = 
In particular, for z G Z 

(2.21) (I»[0]/O = 
Thus the condition 



TEC 



( V 0, v^)-^(^ + 2)/+- 2 0^ 



for d>, heV 



1, 2 



( V , V ^) - n i n + 2 ) z n ' 2 " ^ for (j) , h E T) 1 ' 2 . 



(i^(z) [0] /i) = for all heV 1 ' 2 

implies that 

(2.22) A Q (p + n(n + 2)z> 

Equation (2.22) is also studied in [I] [19] . 



4 

I n-2 



in IT. 



S 



Using Riesz Representation Theorem (see, for example, § A. 2 in the e -Appendix), 
we identify 

(2.23) /^(z) : V 1 ' 2 ->• V 1 ' 2 

/ H- (/ ° |^|| [ 2 /] • ft {^re ft ^0; ft, _L Ker I"(z) [f] } . 

For the reduction method to work, we need the following matching on the kernel of I" (z) 
(refer to [4] ) . 

Lemma 2.24. For any z e Z, (z), as rendered in (2.23), is an index Fredholm 
operator . Moreover, 

KerJ^(z) = T Z Z C T? 1 ' 2 . 

Let 

(2.25) W z := [Ker/^z)] 1 = [T Z Z^ C P 1 ' 2 . 
Tften 

i?(z) : W Z ^W Z 

zs an isomorphism. 

See the proof of Lemma 2.10 in pp. 21 ([!]), and Lemma 5.2 in pp. 61 ([!]). See 
also §A.2 in the e -Appendix. Cf. [12] and Lemma 4.2 in [19] . We first observe that, in 
(2.23) and with the notations used there, 

(2.26) KerJ^(z) = T z Z => T z Z C KerJ*(z)[/] 

=^ ft G W z ( as ft i_ Ker (z) [/] ) . 

§ 2 e. Tfte /How; chart. The simplicity of the Lyapunov- Schmidt reduction method is 
exposed in the book [4]. We keep the notations close to those used in [4]. We use the 
following chart to present the set-up of the Lyapunov- Schmidt reduction method, and 
encourage readers to refer to the excellent book [4]. 
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h(f) = Io(f) + eG(f) for feV 1 ' 2 . 
I 

Z = Ker I' D Refer to (2.18) . 

I 

T Z Z < — Ker^'(z) = T z Z (Lemma 2.24.) 
I 

W z := (T Z Z) L ((2.25); write V 1 ' 2 = T Z Z@W Z .) 
I 

P z : T> ' 2 —7- W z (Projection unto the normal.) 

I 

P z o P £ (z + w E (z)) = <— T/ie auxiliary equation. Solution : w e (z) £ W z . 

(Cancelation along the normal directions.) 

I 

$ e (z) := J £ (z + u> £ (z)) (The finite dimensional reduction; zGZ.) 
I 

& e (z E + w e (z E )) = (Critical point z £ of the finite dimensional functional.) 
I 

P e (z e + w £ (z e )) = ( // such z e exists for \e\ small enough.) 
I 

z £ + w £ (z £ ) is a solution of equation (1.5) with (1.6). 
(Refer to Theorem 2.27 .) 

Theorem 2.27. Keeping the notations in the chart, given a compact subset Z c C Z , 
assume that <E> £ has , for \ e\ sufficiently small, a critical point z £ G Z c . Then z £ + w £ (z £ ) 
is a critical point of I £ . 

For the proof of Theorem 2.27, we refer to [1] (in particular, Theorem 2.12, Lemma 
5.2 [pp. 61] and the discussion in pp. 59 - 60 , loc. cit. ) . 

§ 2 f . Restriction of G to Z. With the structure 

$ £ (z) = I a (z + w £ (z)) +eG(z + w £ (z)) , 

the finite dimension reduction can be simplified further. Consider the restriction of G to 
Z : 
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(2.28) G ]z : Z H 

G, z (z) = G, z (F Ai c ) = c_! / tf(y)[F A , c ]^ (see (2.14)) 



5-1 / 



ft™ 

n 



A 



a 2 + 1 2/ — «ei 2 



for y Ai 5 G Z (see (2.17)). 



It is shown in [4] that G| z and Gj z are good approximations of $ £ and $^ on Z , 
respectively. Precisely, for z G Z , 

$ £ (z) = I (z) + eG?[(z) + 0(e) [refer to Lemma 2.15 in [4], pp. 24] 

$e(z) = £(j| z (z) + 0(e), (the derivatives act on T z Z ; refer to the 

proof of Theorem 2.17 in [4] , pp. 26) . 

Theorem 2.29. Let Gj z (z) = 0. Suppose one of the following conditions holds. 

(a) z is a strict local maximum or minimum of G\ z . 

(b) There is an open and bounded set J\f C Z suc/i £/ia£ z G jV and 

deg(0j z , A/", 0) ^ 0. 

T/ien /or | e| small enough, $ £ /ias a critical point. (It follows from Theorem 2.27 £/iaf 
J £ a/so /ias a critical point. ) 

See Theorem 2.16 and Theorem 2.17 in [4]. Via the parametrization (2.19), we 
identify G\ z as a map from IR + x IR™ to 1R. In particular, z = ^ is a critical point 
of G\ z if and only if 

(2.30) -J»(A,© = 0, and (A , = for j = 1, 2, - ■ -, n . 

Refer to § A.4.2 in the e -appendix. With this, we can bring the discussion to 1R + x IR n . 
In particular, we have the following. 

Definition 2.31. A critical point p := (A, £) G 1R + x IR n of G\ z is called stable if 
there exists a ball B p (p) C IR + x ]R n such that deg ( V(a, f) G\ z , B p (p) , 0)^0. 

Using the parametrization (2.19), one infers that a stable critical point of G\ z 
fulfills condition (b) in Theorem 2.29. We refer to §A.3 in the e- Appendix for selected 
fundamental properties on the degree of a map. See also § A.4.2 in the e -appendix con- 
cerning the Hessian and the Jacobian. 
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§ 3. Tangent space, hyperbolic structure, and the normal space. 



§3 a. The tangent space. For a point z = V\,£ £ Z, via (2.19), the tangent space 
T z Z is spanned by the (n + 1) functions : 



(3.1) <p :-- 



dVx^ d_ 
dX ~ dX 

dVx, ( _d_ 



X 



v + \y-Z\ 2 , 

X 

A 2 + |y-£P 



n-2 ^ ( A 2 - 1 2/ - el 2 ) 



A 2 + |2/-C| 2 )^ 



ra — 2 
2 



( A 2 + | y -e|2)f 



for j = 1, 2, • • •, n. A direct calculation shows that the collection is orthogonal. That 
is 

(<Po, <Pj)v = = <pj) v for 1 < i < n. 

Moreover, 



(3.2) 



(3.3) 



Vo\\% 



IR n \ V OX ' V OX 
1R"\ V 0fc ' V 0fc 



A 2 



A 2 



for 1 < j < n . 



Here the positive constants c\ and c 2 depend on the dimension n only. 



§ 3 b. Geometry of Z and hyperbolic space. On IR + x IR n with coordinates 

( ^ j £i ) " " " ) Cn) , 
indexed zero t 

using (2.19) to pull back the metric defined in (3.2) and (3.3), we obtain an induced 
Riemannian metric on 1R + x JR n : 



(3.4) ■yp-bik with c = c , ci = c 2 



ci ( A > 0) , 



where < £ , k < n . The curvature tensor calculation shows that the induced metric has 
constant sectional curvature equal to — — . See § A. 4 in the e -Appendix. The standard 



hyperbolic metric on IR x ]R n is 

1 



- (dt 2 <g> oly 2 ) at (t , y) G 1R + x H n . 



Thus we have the isometry : 

IR+xIR", ^.8 t k 



IR+ x IR n , c 



t 2 



dt 2 x dy 2 ) 



(A, H- (f, y) = (A, • 
The (rescaled) hyperbolic structure provides a complete (non- compact) metric on Z. 
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§ 3 c. Orthonormal Basis. Following (3.1), let 
(3.5) 



dVx, c / 






d\ 1 


d\ 


V 


dVx, € / 






di 3 1 




V 



(A 2 + ii/-ei 2 ) 5 ' 

(A 2 + |y-£| 2 )5 



for j = 1, 2, n. Here C D and Ci are positive constants depending on n only. Thus 
{<?£}o<^<n forms an orthonormal basis for T Z Z with z = V\ t Using (2.11), we find 



dqe 



d\ 
leading to 
(3.6) 

Likewise, 
(3.7) 



dq e dq e \ 
V 9A' V W V 



' % <9gA / <9( A gg) <9gA 

<9A ' <9A / ^ " \ 9A ' 9A / vv ' 



2 

V 



<9A 



5* 
A 2 



96 



c 

for J = 1, 2, 



In (3.6) and (3.7), C 2 and C 3 are positive constants depending on n only. Refer to 
§ A.4.3 in the e- Appendix for more details. 

§ 3 d. The normal space W z = (TzZ)- 1 . By definition, 

W z = (T Z Z) X = jwel? 1 ' 2 | jj^V^Vw) =0 for I = 0, n| 



- { 



w 



eV l,2 



J^wAip, =0 for I = 0, n| . 



Here we apply (2.11) and use (3.1) to check condition (2.10) . Define 



(3.8) ij Q 



(A 2 -|y-e| 2 ) 
A 2 + |i/-ei 2 )^ 2 ' 



^ = A 



?+2 



2 (y, - P 



i - <5i, 



(A 2 + | y _ e | 2) f + 2 



for j = 1, • • •, n. These are constants times A(p e . See § A.4.3 in the e-Appendix. 

In 

The power on A are chosen so that their L~^- (IR™)- norms are constant (independent on 
A and £ ) . We can express 



(3.9) W z = j^GD 1 ' 2 J^wfa = for t = 0, nj 



for z = Va, c G Z 



Let us continue with the observation : 
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(3.io) j w v a 



Const. 



D, 



2n ' 

v;-; = o for 

n + 2 

[A^.d = for 



0, 1 



0, 1, 



?? 



J^ n [ A V x> f] [£>, 7a, e ] = [ equation (1.4) 

[via (2.8) & (2.11) 







z = V A , ? GW Z . 

This reminds us the sphere in IR n , where any point on the sphere is consider as a vector 
which is perpendicular to the tangent space of the sphere at that point. 

The following property concerning W z is a first step toward uniform cancelation 
in the Lyapunov- Schmidt reduction method for equation (1.1). Refer to [I], [S] and the 
references therein. 

Proposition 3.11. There exists a positive number c 2 such that the inequality 

16n 2 f r 2+2 x 2 



(3.12) 



n(n + 2)V x n f w 2 ) > 2c 2 \\w 



' v 



c 2 \jW 

(for all w G W z ) holds uniformly for all z = Va,£ G Z (that is, c 2 does not depend 
on z G Z , or w £ W 7 ) . 



Corollary 3.13. For w _L ( span {z} © T z Z ) we have 



(3.14) 



\\7w\ 2 - n(n + 2)VQ 2 



w 



> 2c 2 \\w\ 



uniformly for all z = Va^ G Z. (Here c 2 is the same constant appeared in Proposition 
3.11.) 

As the proof of the corollary is well-known among experts, we place it in the e- 
Appendix (§ A.4. d) for the interested readers to view. Finally, consider w = z = Va, g 
[recall that (3.10) shows that z G W z .] Let us check what happens to the left hand side 
of (3.14) . To see precisely how (3.14) fails to hold when w = z = V\ t £ , we observe 



V x ^ AF M + n(n-2)VQ 2 







V Vx.cl 



n(n-2)VQ 2 -Vlt 



(integration by parts) 



V V x ^\ 2 - n(n + 2)V^-Vl i 
An 



n(n — 2) 



-4n / K 



,« IV z| 



2n 
n-2 



n - 2 JM 



n 
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§ 4. Uniform cancelation. 

§ 4 a. Uniform solvability of the auxiliary equation. The following result is from Lemma 
2.21 in [4], pp. 27. See also (2.26) in §2d. 

Lemma 4.1. Refer to (2.23), Lemma 2.24 and (2.26). Assume conditions (i) - (iii). 

(i) /"(z) : Wz — > W z is uniformly invertible in z. That is, 

(4.2) II(/;(z))" 1 ||l(w z ,w z ) < C for all zGZ. 

(ii) The remainder in 

(4.3) I' a (z + w) — I"(z) [w] is uniformly small in z . 

(iii) || P z G' (z + iu)||y < C uniformly in z [for all ||w|| v < 1). 

27zen t/iere exists E\ > suc/i t/iat /or every | e| < , and for every z 6 Z, £/ie auxiliary 
equation 

(4.4) P z o/^(z + w;) = 
/ias a unique solution w e (z) satisfying 

(4.5) ||iw e (z)|| v — > uniformly as \e\— >0. 

In the next two sections (§4b and §4c) , we verify conditions (i) — (iii) for the 
functional I e defined in (2.12) . 

§4b. Uniform invertibility of I" (z). The following result is a direct consequence 
of Proposition 3.11 and Corollary 3.13. For the proof, see [3], or [8], or §A.5.a in the 
e -Appendix. 

Proposition 4.6. There exists a positive constant c 3 such that for all z 6 Z, 
(4-7) K(z)[/]|lv > 5. 11/11 v f° r aU / eW - 

§ 4 c. Uniform approximation and bounded projection. Likewise, the demonstrations 
of conditions (ii) and (iii) in Lemma 4.1 are rather standard. We prefer to put the details 
in § A. 5 and §A.6 in the e-Appendix. Precisely, we show in the e-Appendix that 



(4.8) R H (w) := I' ( z + W ) ~ J o( z )H satisfies ||-R z (w)|| = o(\\w\ 
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as || w\\ v — > , uniformly for z G Z . Moreover, 

(4.9) \\G'{z + w)\\ < C for all z G Z and w with || w\\ v < 1. 

§ 4 d. Uniform bounds in the expansions of I Q and G . We also have the following 
uniform bounds. 

(4.10) I (z + w £ (z)) = c 4 + o(||tw e (z)||); 

(4.11) G(z + w £ (z)) = G(z) + [G'(z)\w £ (z)} +o(K(z)||); 

(4.12) I' a (z + w £ (z)) = [/»| We (z)] + (|K(z)||); 

(4.13) G\z + w £ {z)) = G'(z) + [G"(z)K(z)] + o(|K(z)||). 

Here w e (z) is the solution to the auxiliary equation (4.4) described in Lemma 4.1, and 

(4 - i4 > * = < b - 2 >^"(t+W)"- 

We refer to § A .5 and § A .7 in the e-Appendix for more detail. 
§ 4 e. Uniform cancelation. 

Proposition 4.15. There exists a positive constant e 2 such that for all e with \e\ < e 2 , 
if&e has a sequence of critical points at z £;i G Z, i = 1, 2, • ■ • , then z £)i + w e (z e j) 
are critical points of I £ for all i . Here w e (z e ^) is the solution of the auxiliary equation 
(4.4) as described in Lemma 4.1. 

See §A.8 in the e- Appendix for the argument, which closely proceeds as in the 
proof of Theorem 2.12 in [1]. 

§ 4 f. Uniform levelness. We show that the solutions of the auxiliary equation (4.4) 
as described in Lemma 4.1 stay uniformly close to Z, and " is almost parallel" to Z. 
Precisely we have the following result. 

Lemma 4. 16. For n > 6, let w £ (z) be the unique solution of the auxiliary equation 
(4.4) as described in Lemma 4.1. There exists a positive number 6% such that for every 
varepsilon satisfying I el < £3 , we have 

C 

(4.17) |K(z)|| v < C 4 \e\ and \\ D £ w £ (z)|| v < y | e|^ for t = , 1, • • • , n . 
Here C4 is a positive constant independent on z = V\ t g G Z . 

Proof. We argue as in the proof of Lemma 2.11 in [3], pp. 21. Let us begin with 

(4.18) I[(z + w e (x)) [= I' {z + w £ (z)) +s-G'(z + w £ (z)) ] 
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= I'M + I':(z)[w £ (z)]+ s{G'(z)+G"(z)[w £ (z)]} + o(|K(z)|| v ) 

[via (4.12) & (4.13)] 

= eG'(z) + I^(z)[w £ {z)] + eG"(z)[w £ (z)} + o (|| w £ (z)\\ v ) uniformly in z. 

From the auxiliary equation (4.4), we have the following. 

(4.19) P z oI' £ (z + w e (z)) = 

=► sP z oG'(z) + P a olZ(z)[w e (z)]+eP.oG"{z)[w e (z)] + o (|| w £ {z)\\ v ) = 

? z oG'(z)+ P z o^(z)[ £ - 1 ^(z)]+ P z oG"(z)[ W£ (z)]+ o(|| £ -V(z)|| v ) = 0. 

Via (4.5), we already know that || w e (z)|| v is uniformly small, hence 

(4.20) P z o/»[ £ -V(z)] = P z oG'(z) + o(l) + o(|| £ -V(z)|| v ). 

Compare with (4.19), the small order terms in (4.20) are in W z . The operator is identified 
via Riesz Representation Theorem with a vector in P 1, 2 . We check in §A.9 in the e- 
Appendix that G'{z) (as an operator) is uniformly bounded. Since 

is uniformly invertible [refer to Proposition 4.6, (2.23) and (2.26)] , it follows that 



is uniformly bounded . 



£ 1 -w £ {z)\\ y 



As for the second estimates in (4.17), Lemma 2.11 in [4j asserts that w £ (z) is C 1 
in z . Via the parametrization (2.19) it is differentiable (C 1 ) with respective to A and £ . 
We make use of the inequality : 



4 

4.21 n > 6 < 1 

n — 2 



r 1^- -4- 

a + o k- 2 — a™- 2 



< \b\~ 



4_ 

2 



for a > and b £ IR. Refer to Lemma 6.18 in [4], pp. 93 (for the definition of 2* used 
in the book, see (6.9), pp. 75, loc. cit.) . 

Differentiating the auxiliary equation (4.4), as P z is linear, we obtain 

(4.22) PzoI'^z + w^lDez + Dew^z)} + eP z oG"(z + w £ (z))[D e z + D e w £ (z)] = 
for £ — , 1, • • -, n . From (2.20) we recognize 

(4.23) (I'^z + w e (z))[D,z + D,w £ (z) \ h) [h G T) 1 ' 2 ) 



IT 



(y[Az + D t w E (z)], S/h) - n(n + 2)[z + w £ (z)]l- 2 [D e z + D e w s (z) ] ■ h 
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= ( V [Dt w £ (z)}, V h}-n(n + 2) J^ n z -2 [ D £ «, e (z) ] • /i 



-n(n + 2) 



(z + w)+~ 2 - z- 



[D/z + D/«; e (z)] • /1 



(t = via Lemma 2.24) 



-«(» + 2)/ R „ 
Consider the last term in (4.23) : 



[D e z + D e w £ (z)]-h. 



(4.24) 



< 



Jet 



z + iy e (z))+ 2 - z«-2 
z + iu e (z)) 



4 

, n — 2 



4 

Z»- 2 



[Az + D e w £ (z)}- h 
D e z\ + |D/«; e (z)| ) • \h\ 
I if at a point [z + u> e (z)] + = =>• |w £ (z)| > z = Vx, £ > ; 
whereas at a point [z + w e (z)] + > =>- (z + u> £ (z)) + = |z + u> e (z 

< CiJ^Jweiz^UDiz] + \D f w £ (z)\]-\h\ [using (4.21)] 

< C 2 ||fc|| v .(||^z|| v + \\D,w £ {z)\\ y )^ n \w £ {z)\^J 

(apply Holder's inequality twice; cf. § A. 5 in the e- Appendix) 

< a 



< c 4 



, I, //,|| v - (||D*z|| v + \\D lW£ (z)\\ v ) ■ ||w e (z)||^- 
1 



2 

n 



n-2 



+ || D e w £ (z) 



4 

£ n-2 



2n J n-2 
as ususal z = V\ t 



In the above, we also apply (3.1)- (3.3), and the first estimate in (4.17). 

For the second term in the right hand side of (4.22), from (2.14), we have 

n + 2 



{G"{f)[h]<t>) = -c n 



H-fr'g-h for f,h,<f>eV 



1, 2 



n-2 71R 
(G"(z + ffi£ (z))[Az + ftw £ (z)] h) 
n + 2 t -±— 

— 2 On H-[(z + w £ (z) ]r 2 (D e z + D t w £ {z)) ■ h. 



Let us continue as in (4.24) : 



(4.25) 



if • [ (z + w £ (z) ];- 2 z + D £ iu e (z)) • /l 
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< CiJjRn [ znt ' 2 + K(z)]- 2 ] ■{\D ll z\ + \D t w £ {7.)\)-\h\ 

j + ||A^(z)|| v + k|^Q+ P^ £ (z)|| v) • II h \\ v • 



< c 2 

Combining the estimates (4.24) and (4.25), we obtain 

P z oI^(z)[D e w £ (z)] = o(l£tl]+o(| e |^.||^«, e ( z )|| v ) for n>6. 



Write 

D e w £ (z) = [D t w e (z)] ± + [D t w e (z)] Ta (z). 
It follows from (2.21) and (2.23) that 

\\I':(z)([Dew 6 (z)} MZ) )\\ v <C\\D e 

w e{ z ) ] t z (z)|| v (uniformly in z) . 

From (4.5) in Lemma 4.1, we obtain [see also (A. 8.1) in the e- Appendix], 

I ^1 

|| [ D e w £ (z)] Tz(z) \\ v < Ci • — (uniformly in z) 

I ^1 

=>- II J o ( z ) ([Dew £ (z)] Tz{z) )\\ v < C 2 -— (uniformly in z) . 

Hence 

(I pi n-2 \ / 4 \ 

+0(\e\— ■\\[D e w £ (z)] ± \\ S7 ) 

uniformly in z. [I" (z) , considered as a linear map from V 1 ' 2 to itself, is uniformly 
bounded in z.] We obtain the desired estimate on || I" (z) ( [D£W £ (z) ]± )|| v by using 

(2.26) and the uniform invertibility (4.7) . □ 

§ 4 g. Uniform existence for stable critical points. The key merit of the following result 
is that we can allow A — > + . 

Theorem 4.26. For n > 6, there exists positive constants C 5 and e 4 such that the 
following holds. Suppose that z = | G Z is a stable critical point for G\ z , and there 
exists p > such that 

(4.27) B- X> z(p) CM + X]R" and min | V G h ( A, 01 > ^ ■ 

[ifere dB\ ^{p) is the boundary of the ball.] Then for \e\ < £4 , the functional I £ has a 
critical point at z + w £ (z) wz^/i z = |, where (A, ^ ^a,5 (p) • -Here u> £ (z) 
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the solution of the auxiliary equation (4.4) as described in Lemma 4.1. 



Proof. We first verify the claim that, for all z e Z , we have 



(4.28) 



A?$ e (z) = £-[Z^G(z)] + o(-) uniformly as e ->■ . 



Here £ = 0, 1, • • •, n. We start with the definition in (2.12) : 



$ £ (z) = I £ (z + w £ (z)) 
1 



n-2 



fR , | 9 >Vo (z + w e (z)), Vo(z + w e (z))) 



n (n — 2) [z + w £ (z) ] 



2n 
n-2 



+ e ■ C- 



^tffz + ^z)] 



2n 
n-2 



D £ $ £ (z)= / r {(Vo[z + » £ (z)], Vo(Az + D e w £ (z))) 

- n(n - 2) (D t z + D e w £ (z)) • [ z + u> e (z) \% 



n+2 
2 



e-c n J^ n H- (D e z + D e w £ (z)) • [ z + iu e (z) ft 



n + 2 
2 



Af £ (z) = | R „{( V „z, VoAz) - n(n-2)( J D,z)z^i} (= 0) 

[from (1.3) & (1.4) t] 
+ ^n ( Vo z, v D t w e (z)) + | R „(Vo w e (z), VoD e z) 



+ 



/ r (V» ^ £ (z), Vo^tc e (z)) 



-n(n-2) /^n^z [(z + w £ (z)ft- - z^§ 



/IR 



— n(n 



-2) J iRn D £ w 6 (z){z+ tc : (z)}- 



n+2 
2 



n+2 

(z+^ £ (z))r 2 



n+2 
Z"- 2 



z] -zn-2 - £ -c n J^HlDez] 

-e-c n j^ n H-D e w £ {z) [ z + w e (z) ft- 2 

for £ = 0, 1, • • •, n . Together with equation (1.4) and expressions (3.1)- (3.3), we have 
(4.29) 

D/$ e (z) = eD e G\ x (z) + ^(Vo^fz), VoD e z) -n(n + 2) • z^ [L> £ z] • iu e (z) 

[t = J"(z) [£>*z]u; e (z) = (Lemma 2.24)] 



-n(n-2) y^n^z 



n+2 n + 2 _J_ . , 

v z + w £ {z))l - z»-2 — z«-2 w e (z) 

n _ 



n+2 
, n — 2 
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n+2 



n(n-2) /_ „ £) € w e (z)(z + w e (z))^ 2 + L„( V° z > sj D e w e {z) ) 



+ 



— e • c, 



#[£>£z] 



(z + w e (z)) 



71 + 2 

n-2 



n + 2 
Z»- 2 



if u> e (z)[z + u> E (z) 



n + 2 
I n-2 



where 
I 

II 

III 

IV 



= eD t G\ z (z) + I + II + III + IV, 

n (n — 2) 



— n(n — 2) 



IR" 



z 



, s±2 n + 2 _±_ 
(z + u> e (z)J+ — Z«-2 Z"-2 w e (z) 



n-2 



n+2 



n + 2 



(z + w £ (z))l- 2 -z— - 



n + 2 



(7? (z) K(z) ] (£>, «,.(*)) - e ■ c n J Mn H [Di z] 



n-2 
z + w £ (z)) 



n + 2 

n-2 



n + 2 
Z n-2 



if A? iu e (z)[z + u> e (z) 



n+2 
I n — 2 



Here we use (1.4) and (2.21) . For the terms marked (I) and (II) in (4.29), see (A. 5. 5) in 
§A.5 in the e- Appendix. The first term in (III) can be estimated by using the uniform 
bound on || io( z )|| an d the bounds in Lemma 4.16 . Whereas the second term in (III) is 
handled as in (4.24) , and (IV) as in (A. 6. 2) in the e -Appendix. Together with (3.2) and 
(3.3), we obtain 



D e $ £ (z) = eDtGUz) + 0[\e\ 



I £ \ 

T 



+ O \\e\ 



A 



for 



0, I, - • •, n. 



Hence we establish the claim. Thus we can find £4 small so that for | e| < £4 , we have 

'el 



V(a,o $ £ ( z ) - £V(A,o G |z( z )ll < c i'— < 



I 5 1 

T 



for (A, G dB- Xii (p). 



Here, as usual, z = V>, f . Applying the degree theory [H] (also described in §A.3.3 
and §A.3.4 [in particular, (A. 3. 8)]), we obtain a critical point z G B x je (p) for 3> e (z). 
Applying Proposition 4.15 , we complete the proof of the theorem. □ 



§5. Separation and blow - up. 

In this section, we provide criteria for a sequence of critical points {zj + w £ (zi)} for I £ 
to be distinct, and to form a blow-up sequence when Aj — > . Take z$ = V Xi t ^ G Z . 

§ 5 a. Separation lemma. Consider V Xo g , V\ u ^ G Z , where Ai < A D . Via the 
parametrization (2.19), the pull-back metric (3.4) on 1R + x IR n , and the identification 
with the (rescaled) hyperbolic metric in § 3 b , we find that 
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(5-1) \\V Xo , u-Vax.&Hv > 11^,0-^ a || v = J x °jd\= c c ln 

Recall that vertical lines (t, £) [with £ fixed and £ G 1R + ] are geodesies in the hyperbolic 
space. Thus the (curved) geodesic joining ( A , 0) and ( Ai , £i) in the hyperbolic space 
has longer length then that joining ( A D , 0) and ( Ai , 0) whenever d / 0. 

Lemma 5.2. Let 

(5.3) z G = V Ao g and Zi = ) ^ . Assume that > 2 . 

For £5 smoll enough, and for all \ e\ < £5 , we Ziawe 

z D + w e (z ) 7^ Zi + W e (Zi) . 

i/ere u> £ (z ) and w e (zi) are the solutions of the auxiliary equation (4.4) as described in 
Lemma 4.1. 

Proof. Suppose the result is false. Then 

z + w £ (z ) = Zi + W e (Zi) 
=>> c ln2 < \\V X: g -y Al;a || v = ||«; e (zi) - w e (z )|| v < ||w £ (z 1 )|| v + ||w e (zi)|| v 
c In 2 < 2 G4 1 ej . 

Here we use (5.1) and the uniform bound in Lemma 4.16. Once we choose e 5 to be small 
enough, we have a contradiction. □ 

§ 5 b. Blow-up lemma. 

Lemma 5.4. Let {t> i }^ 1 be a sequence of positive C 2 ' 13 solutions of equation (2.5) 
with K G C 1 ' & . Suppose that 

(5.5) K-^,dlv< Ce /or 

where ^ — >■ £ D and A, — >■ + . There is a positive number e e (depending on n only) such 
that for all 5 small enough (depending on n and the sequence {vi}^), the sequence 
cannot stay bounded in B^ o (5), once (5.5) is satisfied for e < Eq . 

Proof. We compute 

(5-6) / IVV^J 2 > / „JvV^,ft| 2 for *»1 so that B u (5/2) C % (5) 
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> (n - 2f 



X n-2 r 2 



'Bo (I) (A2+r2)« 

[via a translation (2/ — &)—>• 2/ , find the gradient in polar coordinates 



IS"- 1 II ■ (™-2) 2 



I Ar 2 r n+1 



fn-2) 



(n-2) s 



(A 2 + r 2 )™ 
arctan (_^_) [tan#] n+1 sec 2 #d# 
[secfl] 2n 

arctan^) 



Aj tan 0] 



[sin 8} n+L [cos #] n " J d8>C , as long as 



5 
2A~ 



> 1. 



Here C Q depends on n only. Suppose that {vi}°° = 1 is uniformly bounded in B^ o (5). Via 
equation (2.5) and elliptic regularity theory on gradient estimates [17] . one infers that 

(5.7) ||V^II<Ci in B (o {6) for all 

Observe that the constant C\ may depend on {%} . (5.6) leads to 



(5i 



C < I 
Je 



V Vx^W 2 



V Vi + (Vo^fi - V«* 



< 2 / || y «i 
'%(«) 

1 1 Q n 1 1 

1 11 ' 11 5" + 2e 2 . 



/ II V v Xi ,^ 



< cf- 



n 



Combining (5.7) and (5.8), we obtain 



C < C\ 
Thus once we choose £5 and 5 so that 



S n \ 



n 



5 n + 2e 



z"2 



C C II c?ti 1 1 

^ > 2e 5 and ^ > C\ ^— ^ ■ 5 n , 
2 5 2 1 n 

we have a contradiction. Thus the conclusion of the lemma stands. 



□ 



§6. First order derivatives and the Kazdan -Warner condition. 



From expressions (1.7) and (2.19), we obtain 



(6.1) 



A, 



n c_i 
A 



H(y) 



A" 



(A 2 + |y-eiT 



2 / M ^(2/) 



A 



n+2 



(A 2 + ii/-ei 2 ) 



2 \n+l 
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This leads to 
(6.2) 



^(A, = ncA- 1 



H(y) (A2 + | y _£| 2) n 



y-e| 2 ~A 2 
y-ei 2 + A 2 



Likewise, 
(6.3) 



A '° 



for j = 1, 2, • • •, n . Note that the integrals in (6.1) are independent on A and £ . This 
highlights the presence of A" 1 in (6.1) . Cf. (4.17) and (4.27). 

Lemma 6.4. In (6.3), suppose £ = 0, and H (y) = H(\y\) is radially symmetric 
and bounded, then 

dGi 



r | 5 



(A,0) 







for A > and 1 < j < n . 



Proof. This is because the integrals 
vanish, due to antisymmetry. 



(J = 1, 2,..-, n) 



□ 



§ 6 a. Geometric interpretation. Via the change of variables \y = y — £ , we have 



(6.5) *k(A, £ ) 

1 n c_i 
A ' 2 n 



1 nc_i 
¥ ' A 

1 n c_i 
A ' 2 n 



/• / 2 \ 2™ 

I H(\V(x) + ()x n+ , dS, [via (2.2) & (2.3)] 



( H(XV(X) + £)x n+1 dS* + / H(XV(X) + £)^n + l 
J5i JS n 



Intuitively, one can say that a critical point is a balance between the upper (S+) and 
lower (S*™) hemisphere. Likewise, 



(6.6) 



dG lz 
di 3 



(A,0 



VlR" ^ ( A 2 + 1 2/ — CI 2 ) ri+1 



n c_i 
A 71R 

n c_i 



„#(Ay + 



2% 



i + 1 (i + |y| 2 ) n 
2% \ i 



0fc 



(A,0 



a in-"— ■ - Vi + lylV (i + lvIT 

J .^J sn H(XV(x)+Ox j dS x [via (2.2) & (2.3)] 
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for j = 1, 2, • • •, n. It follows that if % is antipodal symmetric, i.e., H(—x) = "H(x) , 
then (1, 0) is a critical point of G\ z . [Recall that "H and H are related via (2.6).] 

Next, we observe that xi, ■ ■ •, x n+ \ are first eigenfunctions of the standard 
Laplacian on S n . Using (6.5) and (6.5), we have the following. 

Proposition 6.7. Let % and H be related by (2.6) . Suppose that T-L(x) is orthogonal 
(with respect to the L 2 - inner product) to the first eigenspace of A x . Then (1, ) is a 
critical point of G\ z . 

§ 6 b. Homogeneous harmonic polynomials. In order to apply Proposition 6.7 we 
consider in particular order k homogeneous harmonic polynomials Pj^ on IR n+1 , where 
k > 1 is an integer. It is well known that 

At P k A + k(k + n - l)Pl = in S n . 

For k > 1, each "H = P& is orthogonal to the first eigenspace, i.e., the condition in 
Proposition 6.7 is fulfilled. 

§ 6 c. Kazdan - Warner condition. A deep relation is revealed when we differentiate 
/C with respect to a conformal Killing vector field X (generating a family of conformal 
transformations). In this way we obtain the renowned Kazdan - Warner formula [7] 

f 2n 

/ X (/C) u*^ dS = [refer to equation (1.1), here X (/C) = (X y JC) gi ] . 
Js n 

This is a necessary (but not sufficient) condition on K. for equation (1.1) has a positive 
solution (see [18]). 

Definition 6.8. A function K, G C 1 (S n ) is said to satisfy the K-W condition if there 
exists a (single) positive function ip G C° (S n ) such that 

(6.9) / X (/C) ^"^2 dS — for all conformal Killing vector fields X . 

Theorem 6.10. For a given 7-L G C 1 (S n ) , suppose G\ z has a critical point at ( A c , £ c ) , 
then 

K, = An(n-l)+el-L 
fulfills the K — W conditions (6.9) for any e G H, with 

n — 2 

Xl + \y-^ ) -( 1 + H 2 ) 2 fory = V(x). 
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As the proof of Theorem 6.10 is well-known, we direct the interested readers to 
§ A. 11 in the e -Appendix for reference. Nevertheless, Theorem 6.10 highlights the balance 
achieved by a critical point of G\ z . 



§ 7. Second derivatives, symmetry and stability conditions. 

We continue from (6.2) -(6.3), 

+ 2n (n + 1) c_i / #(y) • 2 A + ~ yi ] f or i < J ^ £ < n . 

Moreover, 

+ 4n(n + l) Ll ^. g(y ). ^|5^ 
+ 4n(n+l)c_! Xn{Vt? 



It follows from (6.1) that ( A 2 + | y\ 2 ) 



2 \n+2 • 



/■ A™ 

f A n 

-2n(n + l)c_i/ #(?/) — rr 

v ; VlR" vy; (A 2 + |y-ei 2 ) 

+ 4n(n + l) c_i H(y) -nr 

v ; Viet K J (\ 2 + \y - £\ 2 ) 



§7 a. Second derivative at a critical point. Let ( A c , £ c ) be a critical point for G| 5 
From (7.1), (7.2) and (6.3) we obtain 

(7 ' 5) ( c ' ^ = 4n (n + 1) c_, lf( y ) ■ (A2 + |y _ ee|2)W+2 , 
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Here 1 < j ^ < n. Before we continue, we register the following observation. 

Lemma 7.7. In (7.5) and (7.6), suppose £ c = and = if (|y|) «s radially 

symmetric, then 



T/iat is, the Hessian matrix is diagonal. 

Proof. This is because the integrals 

/ H(\y\) VjVe „, 2 (j ^ £) and / H (\y\) V - — 5 

ilR" vm; (A 2 + |n| 2 ) n+2 V T 1 m n Vm; (A 2 + |n| 2 ) n+2 

vanish by antisymmetry argument. □ 
From (7.4), together with (6.1), we obtain 



(7-8) ^r^(A c ,e c ) = 2n(n-l)c_i/ #(y) ^ -nr 

-^^L^^-iM+iyU^r 1 

r A™ 
-2n(n + l) c_i/ #(n) ^ 

1 ; Viet (a 2 + |n-e c | 2 ) 
r \ n+2 

+ 4n(n + l)c_i/ if(u) c - 



f A 
-2 n (n + 2) c_i / if( w) - z-rr 

' m n yy> (A 2 + \y-ic\ 2 ) n+l 

r A™ +2 

+ 4 n (n + 1) c_i / if ( w) 2 -nr 

1 ; l J\TC yy) (A 2 + \y-Q 2 ) n+2 



[ Check : 2n (n — 1) — 2n 2 — 2n (n + 1) = — 2n (n + 2) . ] As for the second derivatives in 
£i , from (7.3), we have 

£ = i 01 Q JJR (A 2 + |n-£ c | 2 ) 



+ 4n (n+l c_i / H(y)- — pj 

v ; VlET vy; (A 2 + |n-ed 2 ) 

2n 2 c f K 



(A 2 + |n-£ c | 2 ) n+1 
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+ 4n(n+l)c. 1 J ]Rn H(y) 

- 1 /iET ^ ' p^+|y-e c |T +1 



A™ 




2 


(A 2 + 




2 ^n+2 



2n 2 c 





y- 




2 ) 




y - 





+ An(n + 1)0^1^ H(y)- 

1 //(// • L)c ; / //(//! v 



A™ x A? 



- 2 n 2 c_i 



A': 



(A c 2 + |i/-e c |T +1 

+ 4 n(n + 1) c_i / if(w) 

-4n(n + l)c_i/ #(y) A " X Ac „ +2 



A" 



= 2n(n + 2)c_i / ^ --t- 

1 ; 1 Jmr yy> (\ 2 c + \y-tc\ 2 ) + 

r A n+2 
-4n(n + l)c_! J^»^(y) 



(A c 2 + |y-e c |T +2 ' 



[Check: 4n (n + 1) - 2n 2 
following result. 



= 2n 2 + An.] Combining (7.8) and (7.9), we observe the 



Proposition 7.10. At a critical point ( A c , £ c ) for G\ z , the Hessian matrix is trace- 
free. That is, 



(7.11) 



d 2 G ' n Q 2 Q 



It is well-known that at a critical point, the Hessian matrix being positive definite 
(resp. negative definite) is a sufficient condition for local minimum (resp. local maximum). 
In some sense, Proposition 7.10 guides us to look for saddle points. 

§7b. Geometric interpretation of the second derivatives. If (1, 0) is a critical point, 
then 



(7.12) 



d 2 G h 



(1,0) = 4n(n + l)c_x j^ n H(y) 



VtVj 



(i + \y\ 2 ) 



2\ n + 2 



n(n + 1) _ 



c_i / X£Xj H(x)dS x (1 < i ^ j < n) , 
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d 2 G\, 



-ye) 



n(n + 1) 
2™+i 



!_! / ^ (1 - x n+1 ) H(x) dS x , 



(7.14) ^.(1, 5) = ^1.,,, 



<9A 2 



2 n 



^n+l 



n + 1 J5™ 



(7.15) 



<9 2 GY 



(1, 0) = 



n 



+ 



n(n + l) 



5-i / (x e ) 2 H(x)dS x . 



We show in § A.ll the calculations in obtaining (7.14) and (7.15). Observe that (7.11) is 
fulfilled once we combine (7.14) and (7.15) with 

x\ H Yx\ = 1 - x 2 n+1 on S n . 



§ 7 c. Symmetry . Consider the symmetry described by 

(7.16) H(yx,- ■ -ye, ■ ■ •, y n ) = H (yx, ■ ■ •, y t , ■ ■ ; y n ) for t = 1, 2, • • •, n , 



(7.17) if (r, t?) = h(-,0 



for r G (0, 1) and i? := -— - G S 71 " 1 . 



Here (r , i?) is the polar coordinates of 1R™ . In this case H is determined by its values 
in the 'truncated quarter' 

{y = (j/i, ?/„) G ET | ?/i > ,•••,?/„> & \y\ <1}. 

Theorem 7.18. Assume that H G C 1 (lR ri ) satisfies the symmetric conditions (7.16) , 
(7.17), and the stability conditions 



(7.19) J u „H(y) 



71+1 



1 + 



^ 2 (n + 1) ff (y) 



n+2 



ye 



/or £ = 1, 2, • • •, n , and 



(7 - 20) 4- H fe) ■ (t+t^) " +1 * ^ 4- ff fe) ■ {ttw) 



n+2 
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Then equation (1.5) with relation (1.6) has a positive C 2 solution when \ e\ is small. 



Proof. Refer to equation (6.2) with A = 1 and £ = . Using a change of variables, 
we obtain 

r 2-l" 



nc_i 



E" W / (?/) '(l + rT 



-nc_! || 
dG 



S"- 1 Ji 



H(r, 



r 2 + 1 



(1 + r 2 



Ivl) 



r 2 -l 



r 2 + 1 



#( 3 , 01 • 



f| 2 -l 
f| 2 + 1 



r"- 1 dr dS e 



f n ~ l dfdSf) 



1 + f 



<9A 



(1, 0) 



n c^illS™- 1 1| / / 
is™- 1 jo 



II { - , 



1-s 2 
1 + s 2 



( here r = r 1 ) 



s n - l dsdSo = 



1+ s 2 , 
(via condition (7.17)) . 



In view of (7.16), we also have 

dG\„ , -> . 

(1, 0) = 2nc_i 



96 



1 



My) ■ Vi. 



0. 



.(i + NT +1 

That is, (1, 0) is a critical point of G\ z . Consider the Hessian matrix at (1, 0) . From 
(7.12), (7.13) and (7.16) we see that 

d 2 Gi 



d 2 G lz 



(1, 0) 
(1, o) 



2 2 n(n+ l)c_i 



In 2 c_i 



JRT (l + \y\ 2 
1 



-^[H(y)-y lVj \ = 



IT (l + l^l 2 
- 4n(n + l)c_i 



— [ H (v)'Vt] 
1 



tmr (i + \ y \ 2 ) n+2 

Here we apply symmetry argument for 1 < j ^ i < n . From (7.19) and (7.20), together 
with the first equalities in (7.14) and (7.15), we obtain 



|z (1, 0)^0 and r-Tk (1,0)^0 for 



d\ 2 



dee 



1, 2,- • ., n. 



That is, (1, ) is a stable critical point of G\ z . Using Theorem 2.17 in [I], pp. 25, 
together with elliptic regularity theory, we obtain a positive C 2 solution of equation (1.5) 
with relation (1.6) for | e\ small enough. □ 
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e -Appendix can be found in www.math.nus.edu.sg/ matlmc/e -Appendix.pdf 
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Abstract 



Using the Lyapunov - Schmidt reduction method, we describe how to use annular 
domains to construct (scalar curvature) functions on S n ( n > 6 ) , so that each 
one of them enables the conformal scalar curvature equation to have a blowing - up 
sequence of positive solutions. The prescribed scalar curvature function is shown to 
have C n ~ 1,13 smoothness. 
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1. Introduction. 



In this article we apply the Lyapunov- Schmidt reduction method to find non- constant 
functions fC so that the equation 



has infinite number of positive solutions, which compose a blow-up sequence of solutions. 
We refer to § 1 c for the (rather standard) notations we use. 

As often with good insight, the Lyapunov - Schmidt reduction method works with 
miraculous simplicity. It is used successfully by Ambrosetti, Berti and Malchiodi to 
construct many C k - metrics g on S n such that the Yamabe equation 

n + 2 

(1.2) A g u - c n R g u + c„n(n-l)«"- 2 =0 in S n 

has infinite number of positive solutions [here g is non - conformal to g\ - the standard 
metric on S n ; R g is the scalar curvature of (S n , g) } . See the renowned monograph 
[3] , in which we can find their work on equation (1.1) as well. Initially, the degree of 
smoothness on g is restricted to 2 < k < (n — 3)/4 , but is improved to C°° by Brendle 
in jl] for n > 52 , and together with Marques [5] for the remaining cases 25 < n < 51 . 
The result should be read with [10] , in which compactness theorem for the Yamabe 
equation is obtained for n < 24 (see also [18], [19] and [20] for earlier results). The 
unexpected critical dimension n = 24 is both fascinating and intriguing. 

It is rewarding to view the prescribed scalar curvature equation (1.1) as a kind of 
"dual" to the Yamabe equation (1.2). In contrast, blow-up sequences of positive solutions 
for (1.1) are widely studied as a mean to find solutions. However, to the knowledge of the 
author, no general method is known to construct blow-up sequences of positive solutions 
for equation (1.1) [that is, in S n , with fixed critical index (n + 2)/(n — 2) and fixed fC] . 
Apparently the only previously known case is when K, is equal to a positive constant. 
With the method presented in this article, we are able to generate simple blow-ups (see 
[TO] and [H]). The solutions are perturbations of the standard ones [cf. (1.4) below], and 
are adjusted to maintain the same scalar curvature function fC . The degree of flatness of 
K at the blow-up point (the south pole) is up to (n — 1) [refer to §3g and (3.30)] . 

Recalling the notations used in Part I [TB] , the reduced functional for equation 
(1.1) is defined by 



(1.1) 



Ai u — Cn n (n — 1) u + {c n lC)u n - 2 



in S 



(1.3) 




for z = Va, £ G Z 



where 



(1.4) 




with 
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(1.5) K{y) := /C^" 1 ^)) = 4n(n-l) + sH(y) for y G IR n . 

In (1.3) , c_i = — [c n • (n — 2)] /(2n) . For £ 6 E small, the question on finding a 
positive solution of equation (1.1) is reduced to finding a stable critical point of G\ z . See 
[3] or [16] . It is shown in Part I [16] (Proposition 7.10), that the Hessian matrix of G\ z 
at a critical point is always trace- free, thus can never be positive or negative definite. 
Instead of looking for strict local maximum or minimum (as in the Yamabe equation), we 
seek saddle points . Although it is a finite dimensional problem, practical examples show 
that it can be illusive to locate (local) critical points . Indeed, the existence of a critical 
point implies the fulfillment of the Kazdan- Warner condition for JC (see Theorem 6.10 
in [16] for full details) . 

In pQ, using the Lyapunov- Schimdt method and a degree counting method, (finite 
number of) stable critical points of the G\ z are found. The research is carried on in [2] , 
where the authors explore symmetries. Each of these methods does not readily juxtapose 
to produce a blow-up sequence of solutions for the scalar curvature equation (1.1). 

In this article, fixing an annular domain (see § 1 a below), we determine precisely 
the critical point of G\ z , and show that the Hessian matrix at the critical point is non- 
degenerate (hence a stable critical point). By superimposing concentric annular domains, 
and carefully estimating the gradient interference, we are able to find infinite number of 
stable critical points via degree theory for maps. With the uniform cancelation property 
in the Lyapunov- Schmidt method (described in Part I [16]) , a blow-up sequence can 
be found. We obtain the claimed C n_1 ' ^ regularity in §3g and §3h by choosing the 
"strength" [see (1.6)] and the radii of the annular domains suitable. Regarding the degree 
of smoothness, cf. also Remark 7.11 in [14] . We observe that similar argument works for 
slightly offset, non - concentric annular domains. 

The search for a construction on higher energy blow-ups (e.g. towering blow- 
ups, as well as the more complicated aggregated and clustered blow - ups) is a challenging 
project for research. See [15] concerning a classification of blow-ups for (1.1) (cf. also 
[XT] and [21] ) . Refer to [12] [13] for non -compact spaces. 

§ 1 a. Main Result. Consider the annular domains 



We give explicit conditions on the numbers a > 1 and 77 G (0, 1) in (1.9) . Choose a 
small positive number a and fix a number r G in — 1 , n) . Let H be given by 



;i-6) H s (y) 



± if ye B .( 1 +3)\B.(L^L), .= 1,2,... 



if [T k=l \Bo 



1 + (V + V) \ \ r> ( 1-{V + (T) 

a* \ a* 



3 



In between B a ( 1 + ^ ) W^ 2 ) and £ (i^) W^-i^l) , we properly smooth 

out if 5 so that H s e C" 1-1 ' ^ (H n ) (need not be rotationally symmetric; see §3g and 
§3h). 

Main Theorem 1.7. For n > 6 , let H s e C n_1 - ^ (R n ) fee as described in (1.6) , 
u>rf/i t/ie parameter r and satisfying 

(1.8) r G (n - 1 , n) , 1 - A 2 > r] > B 2 > and j^- < - . 

Here A and B are positive numbers . There exist positive constants C , C\ , c and e 
so that if the parameters a and a satisfy 

a > C 2 and < a < c 2 , 

then the equation 



1.9) A v + c n 



4n (n - 1) + e 



n + 2 



v — =0 in H n 



has an infinite number of positive solutions {v m }^ =1 C C 2 ' 13 (JR n ) whenever \ e\ <e Q . 
Moreover, 

(1-10) \\v m -V Xm , u \\ v < Ct-e for m = l, 2, ■ • ■ . 

Here X m — > and \£ m \ — > as m — > oo . is a result, is a blow-up point for 

{v m }m=l ■ 

In (1.10), || || v represents the L 2 -norm on gradient for the Hilbert space V 1, 2 . 
See (2.7) in Part I |16j . Via this L 2 -norm on gradient and the Sobolev inequality, we 
discuss in § 3 j how to transfer these solutions {f m }^ =1 back to S n as a blow-up sequence 
of solutions for equation (1.1). [As for the number 5/2 in (1.8) , it appears naturally in 
some calculations. It is, however, not absolute or sharp.] 

§ 1 b. Main features concerning the proof. The key is to show that the critical point with 
respect to a single annular domain is 'stable' enough to withstand the interaction from 
other annular domains. Thus we are required to take a to be large (big spacing between 
the annular domains less interference ) , and rj to be not too small (producing 

stronger effect on the gradient change for an individual annular domain ) . 

In § 2, we estimate the first derivatives of G\ z via the stereographic projection 
back to S n (see § 2 a and § 2 b) . This geometric approach helps to visualize the location 
of the critical point (cf. Lemma 2.21), and the sharp changes in gradient after leaving the 
critical point (cf. Lemma 2.65). 

We remark that the method is stable under " small perturbation" so that functions 
nearby H s can also be used in the construction. See § 3 e for more detail. 
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§ 1 c. Conventions. Throughout this work, we assume the dimension n > 3 , except 
when otherwise is specifically mentioned, and let c n — {n — 2)/[4 (n — 1)] . We observe 
the practice of using C, possibly with sub-indices, to denote various positive constants, 
which may be rendered differently from line to line according to the contents. Whilst we 
use c and C, possibly with sub-index, to denote a fixed positive constant which always 
keeps the same value as it is first defined. [The negative constant c_i is defined in the 
sentence proceeding (1.5).] 

• i Denote by B y {r) the open ball in H n with center at y and radius r > 0, and 
|| S n || the measure of S n in H ra+1 with respect to the standard metric. 

•2 A g is the Laplace-Beltrami operator associated with the metric g on S n . Likewise, 
A G is the Laplace-Beltrami operator associated with the Euclidean metric g Q on ]R n , and 
Ai is the Laplace-Beltrami operator associated with the standard metric g\ on S n . 

•3 Whereever there is no risk of misunderstanding, we suppress dy from the integral 
expression. 

§ 2. Annular domains. 

Let us start with a general smooth and bounded domain Q C !R n , and let Hq be the 
characteristic function of Q (i.e., H equals to 1 within Q , and without). Expression 
(1.3) becomes 

A 



(2.1) G, z (A,f; n) := cU / 



A 2 -h 1 2/ — ^1 : 

We remark that G\ z {•,•', ft) remains a smooth function on IR + x ]R n . 



{H = H a ) 



§ 2 a. Rescaling and shifting. Consider the change of variables y = A 1 (y — £) . We 
have 

(A \ n / 1 \ n 

Here we use a kind of "geometric notations" : 

(2.3) Q-£ := {y eJR n \ y = y-£ foryeQ}, 

:= {yelR n \ y = \- 1 y for y e n_ c } = | y e 1R" | y = | - | for yefij. 

§ 2 b. Projection of annular regions. Let P be the stereographic projection which sends 

4 

the north pole N to 00 . The conformal factor is given by g\ \x) 



;i + r 2 ) 2 



(y) 



for ?/ = P(x) . See, for instance, (2.1) and (2.3) in Part I [16] . 
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We obtain 

{2A) /(V)(h¥)" # = T»L(^ dS - 



where dS refers to the standard measure on S n . Suppose B (R C ) C B Q (R b ) , where 
R c and R b are positive numbers. Consider the annular domain 



Q = B (R b )\B (R c ) — ^ = BjA^ UBj^). 

Here we use (2.3) . We are interested in finding 

(2.5) /. f , dS. 

V A A / 

It is remarked that the above expression depends smoothly on A and £ . 

The stereographic projection V sends an (n — 1) — sphere on S n \ {N} to an 
(n — 1) — sphere on IR™, and vis versa. See for example [11] , pp. 7. It follows that the 
domain in the integral (2.5) can be rendered as taking away two 'caps' from S n . 

§ 2 c. Volume of the cap in upper or lower hemisphere. Consider a cap C C S n , bounded 
by the (n — 1)- sphere with radius g, measured in the metric of ]R n+1 . Here we only 
consider such a cap that can be contained in a hemisphere . It follows that g < 1 . By 
symmetry, we view the cap as upon the southern hemisphere (resp. northern hemisphere) , 
" centered " at the respective pole : 



/■arcsm g 

Volume of the cap upon lower hemisphere = \\S n ~ 1 \\ ■ [sin 0] n_1 d(j) , 

J o 

/■arcsin q 

Volume of the cap upon upper hemisphere = ||5 ,n_1 || • / [sin 0] n_1 d(j) ■ 

Jo 

Here is measured from the negative direction of the x n+ \ —axis, and <fi from the positive 
direction of x n+ i —axis . We write the last expression as 

/■arcsin g 

(2.6) Vol Cap (g) = II S^ll • / [ sin S n ~ l d</> , 

Jo 

where we understand that g < 1, and possibly after a rotation, the cap is on the upper 
hemisphere. We can rewrite (2.5) as 



(2.7) / , dS = \\S n \\ - Vol Cap (g b ) - Vol Cap (& 



v- 

where g b (respectively g c ) is the radius of the sphere V~ l (dB-z ( \~ l R b 
V- 1 (dB-t (\~ 1 R C 

V A 



respectively 



(measured in the Euclidean metric of 1R 
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For later application, let us consider g depending smoothly on a parameter 8 , i.e., 
Q — Q(5) < 1- We then have 



(2.8) 



d[Vol Cap(g)] 



d5 



5 n-l|| 







n-l 



g n - 2 



\\s n ^\\ • i 

dg(5) 

d5 
d[g(S)} 2 
d5 



sin 



n-l 



X 



5 



n— 1 1 



ip= arcsin g 



Tr^F ' d5 

J_d[g(5)] 2 
2g 



dS 



(<?<!)■ 



Note that the term 

,n-2 



[2.9) 



Q' 



increases as g increases [here n > 3 and g G [0, 1) ] . 



For example, when changing A in (2.7) while fixing £ [ g b — g b (A) < 1 and £> c = £> c (A) < 
1 ] , at the same time maintaining the cap S n \ V^ 1 (B=£ ( A _1 i?b) ) to be on the northern 

hemisphere, and the cap V^ 1 (B-s (A _1 i? c ) ) on the southern hemisphere, we then have 
(2.10) !-/ , , 



5 



n-ll 



ft 



n-2 



eg 



dX 



+ 



er 2 



d[g c (XW 
dX 



Bear in mind that the bigger the upper cap, the smaller the value in (2.5). Likewise, the 
bigger the lower cap, the smaller the value in (2.5). Similar expression can be found on 
derivatives in (the components of) £ . 

§ 2 d. Symmetric case and the geometric mean. The geometric expressions (2.5) and 
(2.6) provide light on the location of the critical point : the boundary spheres should have 
the same radius (when seen in IR n+1 ) so as to cancel the increasing and decreasing effect 
(when A is changed). In the following, we provide more details on this thought. 



In (2.5), take 
(2.11) R b = t + A, 



R c = t — A , where t > A > are given . 



Observe that t equals the arithmetic mean of the outer and inner radius. We can start 
with (2.1). Putting £ = 0, we obtain 

( x \ n „ r*+A / a 



(2.12) / 



B (t+A)\B (t — A) \X 2 + \y\ 2 J 

, ctan (^) [tantf]"- 1 - [sec#] 2 



,71-1 



A 2 + r 2 



dr 



arctan ( * A A ) 



[sec 0] 



2n 



d6 



(r = Atan#) 



/•arctan ( ) 

S^W / [sintf costf]™" 1 ^ 

J arctan ( 



\\S 



n— 1 



2 n 



arctan 



|| S"- 1 ] 



2 arctan (it^ 



2 n J 2 arctan 



[ sin </?] ™ dy? 



sin (20)] ^ d(20) 



(y? = 20) 



(2.13) 



^ /-2 arctan ( 



8\ J 2 arctan (■ L ^-) 

2[t + A] 
[t + A] 2 + A 2 

where y? + = 2 arctan I — - — J , 

Let us take 



[sin(/?] n 1 dip 
(sin jp + ) 



- < ^ + r , 2[t Ain A] ^ ( s in y^)"' 1 



[f- A] 2 + A 2 
2 arctan 



ft - A 
V A 



(2.14) A = A M := r - A A M = y/(t + A)(t - A) . 

That is, Am is the geometric mean of the inner and outer radius. Consider (2.13) : 

2[t + A] 2 



(2.15) 
(2.16) 



[* + A] 2 + A 2 

2[t - A] 
[t~ A] 2 + A M 



(f + A) + (t - A) 



(t - A) + (t + A) 



1 

7' 
i 

7' 



(2.17) 
(2.18) 

We note that 

6_ = 

e + = 



= 2 arctan 
= 2 arctan 



('- 



V Am 
t + A 



A 



M 



= 2 arctan 



2 arctan 



arctan x 
1 

arctan — 

X 

[tan 0_] • [tan 4 
[sin 0_] • [sin + 



tan 0_ = x . 
tan + = — 



t + A ' 
/t + A 
t - A ' 



= 1 



[sin 0_ 



( here < 0_ , 0+ < vr/2 ) 
[sin 9+ 



1 = 



0+ + 0- 



[cos 0_] 

7T 



[cos 0_] ■ [cos + 
— [cos 0_1 • [cos 0+1 

— LJ = =}► COs(</? M+ + ^M_) = 



[cos 0_ 



(2.19) 



I 71—1 



sin </?m+)'' 



(=>- domain symmetric) 
;sin ^M_) n_1 - 



(as < 0_ , 0+ < tt/2 ) 

=>• sin (^ M+ = sin (p M _ 
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Together with (2.13), (2.15)- (2.19), we arrive at 



(2.20) 



Q ,-2 arctan ( Li ^-] 



8X J 2 arctan ( 



[sin(p} n dip 



0. 



J A = Am 



Lemma 2.21. Given any positive numbers t and A with t > A , let H be equal 
to one in the annular domain Q = B a (t + A) \ B Q (t — A) , and zero outside, and Am 
given by 

(2.22) 



A 



M 



\t + A)(t - A) . 
Then (Am , ) is a critical point for G\ z (•,•;!)) given in (2.1) . 
Proof. As G\ z (• , • ; O) is differentiable, we first let C, = in the expression (2.1) 



dG 

and apply the calculations in (2.11) - (2.20) to conclude that ^ 



of Lemma 6.4 in Part I [IE] , we also have 



dG, 



(Am, 0) 



(Am, 0) 

for j = 1, 2, 



. In light 

□ 



n 



With a closer look, we find that Am is the only critical point [for the expressions 
in (2.12)] . As this point is not used in this article, we direct the interested readers to see 
§ A. 12 in the e- Appendix. Next, we show that it is a non - degenerate critical point. 

Lemma 2.23. Under the notations and the conditions in Lemma 2.21 , (Am , ) is a 
non- degenerate critical point for G\ z (•,•;£]). 



Proof. We assert that 
(2.24) 



d 2 G 
d\ 2 



lz 



(Am , ) < 



In view of Lemma 7.7 and Proposition 7.10 in Part I [16] , and the symmetry: 



d 2 G 



d 2 G, 



(Am , ) 



(Am , ) 



for 



1 < j, i < n, 



(2.24) is enough to complete the proof. To do the task, we continue from (2.13), 

^2 r > ;,)'<■! aU ( 



' t + A ' 
, A , 



sin (p] n dcp 



sm (p M 



I n-l 



OX 2 h arctan ( 1 ^-) 

4 [t + A] Am , 
{[t + Ap + Al^l 

4[t-A]A M r . _ ln _! 
-{[t-Af + X 2 M } 2[Sm ^ ] 



A = A„ 



4 (t + A) 2 



{[t + A] 2 + X 2 M } 2 
4 (t - A) 2 



{[t-AY + x 2 M y 

9 



n - 1) [sin (p M+ ) n 2 cos (p M+ 
n — 1) [sin^_] n_2 cos (f>M- 



1 / Am \ r . _ ln _i 1 / A M \ r . _ ln _i 

= ¥ [tTa ) [ sm ^ ~ * [l^A ) [ sm * M ~ ] 

[t the difference is negative, via (2.17— (2.19)] 

ft — 1 

H ^— • [ sin Lp M± ] n ~ 2 x [ cos (p M+ ~ cos ip M J < . 

Here we use the notations introduced in (2.13), and (2.20) . In the last step above, we 
make use of (2.17) and (2.18) to obtain 

7T _ 7T 

7T > lfM+ > - =>" COS V?M+ < , - > </?M_ > =>• COS (f M _ > . 

With this, we arrive to (2.24) . □ 

It follows from (2.24), Lemma 7.7 and Proposition 7.10 in Part I [16] , that 
(2.25) Deg(vG| z , B PM (r) , 0) = -1 , where p M := (Am, 0), 



provided that y G\ z (A , 7^ for all (A , £) € B PM (r) \ {pm} • See [9] and also § A. 3 
in the e - Appendix. 

In the process on superimposing annular domains, we must show that effects from 
other annular domains do not affect the stability of the one we focus on. For this, we 
require more information on the strength of the first derivative [ at points of the boundary 
of £> PM (r) ] . The following result is a prelude to this (cf. §2h). 

Lemma 2.26. Under the notations and the conditions in Lemma 2.21 , assume that 

lb t + A t — A [2 

There exist positive constant Eq and e-j such that 
(2.28) 



<)(;]z (Xm + s, 0) 



1 I s - 

> [ C 6 ■ e e ] • — for e 7 > — > e 6 . 

am Am 



The numbers Cq, e$ and Ej can be chosen to be independent on t and A , as long as 
(2.27) is fulfilled. 

Proof. From (2.14) [cf. (2.26)], we obtain 

4[t + A][A M + s] . _ x 4(n-l)(t + A) 2 . _ 2 _ 



{[t + A]2 + [AM + s] 2 } 2 L " J {[t + A] 2 + [A M + s] 2 } 



4[t-A][A M + S ] _ „ 4(n-l)(t-A) 



2 



n-2 



sm<£>_J -777 A19 , f > ; — ^-9 ■ [ sin <^_J cosy? 



{[t-Ap + [A M + s] 2 } 2 L {[t-A]2 + [A M + 5] 2 } 2 
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As in (2.13), 

</?_ = 2 arctan 



t - A 



2 arctan 



Am + s 

,t - A / s 

2 arctan | — ; h O ( - — 

Am 



t - A 



l + Ol — 

Am 



2 arctan 



Am 
t - A 



y?M_ + 



Am 

s 



- ° ' A" 

,Am 



A 



M 



Here we use the expansion 
1 1/1 



Am + s 



1 

Am 



,1 + Am^ 



1 

Am 



Am 
[via (2.27)] 

(first order approximation of arctan) 
for A M X • | s\ small [cf. (2.17)] . 



for A M * • | s\ small , 



1 + (Xm's) 

and the bound on the derivative of arctan. Similarly, (p + = + O ( - — ) for A M X 
small, where we use (2.27) again. Moreover, 



4[t + A] [A M + s] 
{[t + A] 2 +[Am + s] 2 } 2 



J_ 4 [(A^ 1 (t + A)] [ 1 + A^ 1 gj 
Am {[A M 1 (t + A)] 2 + [1 + A A / S ] 2 } 2 



x 2 



4 [(Am 1 (* + A)] 
{[A]^(f + A)] 2 + l} 2 + VA M 



A 



M 



A 



M 



- of— 

t 2 W + A/ + t 2 ' U M 



t 2 Vt + A, 
as (2.27) 



M 



'5 t 

> — > 
2 Am 



We apply a similar method to estimate the other terms in (2.29), and obtain 

ffi r 2 arctan 

(2-30) f , / /J [sinv?]"- 1 ^ 



<9A 2 ^2 arctan (i^) 



1 



A 



M 



sin v?m 4 



I n-l 



A — Am H 

' Am 



sin <^m_ 



I n-l 



t 2 \t + AJ' rin+1 t 2 \t-A 
[as in the proof of (2.24) | the difference is negative] 



+ 



n — 1 , . , r , 1 _ / s 

H -5— • [sin </?m±] • [cosv?m+ - cosv?m_J + To-OI — 

t t V Am 

We make use of (2.17), (2.18), (2.27) to deduce that there are positive constants ci, C2, 
c 3 and C4 [independent on t and A as long as (2.27) is fulfilled] so that 



7T 



C3 > <£_ > C3 > 



7T 



cos y? + < — C2 and sin </?m+ > c\ > 0, 
cos > C4 and sin </?m_ > C4 > . 
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Hence we can find a positive number Sj so that 
$2 / , 2arctan ^i±A 



dX 2 



rz arctan I — ^ — I 

/ [siny?]"- 1 dip 

J 2 arctan (^^) 



. O 1 . O \ \ I . o 



for A A / • | s\ < s-j . Consider the case s > first. Lemma 2.21 and an integration yield 

f) z-2 arctan fii^-) 
<9A 7 2 arctan (*^) L ^ ^ 



< --^-a < - ■ — < -y 1 -^ 



for Eq < X M ■ s < £7 . Here we use (2.27) again. That is, we have (2.28) for s > . 
Similarly, we can handle the case s < . □ 

§ 2 f . Perturbation in £ . In order to apply Theorem 4.26 in Part I [16] , we desire to 
provide lower bounds on | y G\ z (A, £)| off the critical point ( X M 0). This means that 
we need to vary £ as well as A . According to the geometric formula (2.5), B x -x^ (A -1 R) 
is the ball in IR™ with center at A -1 £ and radius A^ 1 R . In accordance, 

(2.31) V" 1 ( dB \-i ^ (A~ x -R)) 

is a (n — 1)- sphere in S n C IR n+1 . [ In (2.31) , R is a positive number.] It is harder to 
visualize the effect when £ is changed. To proceed, we find the (Euclidean) radius g of 
this (n — 1) - sphere . 

Via a rotation, we assume that £ is along the positive y\ - axis. Granted this, let 

(2.32) i = (5, 0,---, 0), 

where we consider small perturbation so that < 5 < R. The equation of dB x -i g (A -1 R) 
is 

(2-33) (yi - <5 A ) 2 + y 2 + ■•• + yl = R 2 X , 

where 

(2.34) E A = j and <5 A = j. 

(2.33) and (2.34) imply 

2 o X d2 r2 1 X n+1 2 5 A • Xi 2 c2 

r - 2yi • 5 X = R x - 5 X =► = i? A - 5 A . 

1 — x n—l 1 — x n+l 

(As usual, r 2 = y\ + • ■ • + y 2 n .) See (2.1) and (2.2). The result is 

(2.35) (-2 5 x )x 1 + x n+1 (l + R 2 X - 5 2 x ) = (R 2 X - 5 2 x - 1) . 
That is, 

(2.36) V~ 1 {dB x - H {\- 1 R)) = S n n {The hyperplane defined by equation (2.35)} 
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To find the Euclidean radius, we measure the distance in IR ra+1 of the inverse images of 
the end points 



(2.37) 



- (R x - 6x) and (R x + 5 X ) , 



respectively (these two points lie on the yi - axis) . In the plane defined by X\ - axis and 
rc n+ i-axis, the inverse images (via V^ 1 ) of these two points have coordinates given by 



2(R> 



(Rx - h) 2 



1 



(Rx - 5 X ) 2 + 1 ' (R-5 X ) 2 + 1, 



2(R X + S_x) 
_(R + 5x) 2 + 1 ' (Rx + 5a) 2 + 1, 



(Rx + S> 



respectively. Refer to (2.1) and (2.2). As 2 g is the distance between these two points 
(measured in the standard Euclidean metric in Wl n+1 ), a calculation shows that (refer to 
§ A. 13 in the e- Appendix) 



(2.38) 



(2<?) s 



(ARx) 2 [(l + R 2 -5 2 ) 2 + A5 2 ] 
[(R x + 5 A ) 2 + l] 2 [(Rx - 5a) 2 + 1] 



Compare with the non-perturbed case [i.e., when £ = 0] which can also be found directly 
by using (2.2) on the points Rx and — Rx along the Xi-axis: 



(2.39) (2gf 



2i?> 



-2R, 



1 + Rl 1 + R 2 



(i + R 2 x) 2 



(4Rf 



A 2 



(R 2 + \ 2 f 



for £ = . 



For later reference in §2h, we differential both sides of (2.39) and obtain the following. 



(2.40) 



d(2gf 



(2A) (4R) 2 m2 _, 2 , 1 
(R 2 + A 2 ) 3 ' 1 A 



2 ■ (AR X ) 2 

(R\ + i) 3 



(R\ - 1) 



for £ = . 



§ 2 g. Derivative in £ . Recall that we assume £ = (5 , , • • • , 0) . When differentiating 
the denominator in (2.38), we make use of the following. 

(2.41) 



[(Rx + Sx) 2 + l]-[(Rx-Sx) 2 + 1 

1 



[(R* + % + l) + 2Rx-5x]-[(R 2 x + S 2 + l)-2Rx-6x] 

——75 -k -77 7-75 — ^ ( cancelation of first order terms in 5x) 

(Rx I) 2 - 4i? 2 • 5 2 



(1 + HIY + SK2 + 51 -ml) V recaU h ~ K 

One finds that 



13 



(2.42) 



85 



h my 

A [(i? A + 5 A )2 + i]2 [(jRa _ 5a) 2 + 1]2 



xU[(RZ-l)-6 



f2 



8[(l + R 2 x -5ir + 451} 
[(R X + 5 X )* + l][(R x -5 x y + 1 

(4i?A) 2 



M - 1) - SI 



A' [(i? ' 1} ^ x [(R x + 6 x )* + l]*[(n x -S x )* + l]* 



X 



x < 4 



8[(1 + i2 A 2 -^) 2 + 4^; 



[(i? A + 5 A ) 2 + 1][(R X -6 X )* + i; 
Continuing from the last line in (2.41), one can approximate 

1 



(2.43) 



l(R x + 5 x y + l]-[(R x -5 x y + 1 
1 1 



1 



(1+^A 2 ) 2 1 + + (l + i?A 2 ) 2 



+ o (<£) 



for 5a > small , and R x < w f . It follows that 



(2.44) 



d(2gf 
d5 



[(R 2 x -l)-5l 



5_x 
A 



(Rl - 1) 



4 • (4R > 



(4R x f 
(1 + ^a 2 ) 4 

" + O (51) 



+ o (si) 



[4-8 + 0(51)] 



(1 + RZY 

for 5a > small , and R x < . Formula (2.44) indicates that 

d(2p) 2 d(2p) 2 
V f > when R x > 1 ; whereas \v < when R x < 1 
o5 o5 

for 5 X small enough (relative to R x ) . 
Expansion for small variation of \ M . Take 
(2.45) A = A M + s and R = t + A 



Rl = 



(Rl - 1) 



t + A 
A 



4-(4^ A ) 2 
+ 



t + A 

A M + s, 

128A t+A 
t-A ' t-A 



^) +°(f 

Am / vam 



t + A / s 

r + ° t— 

t-A VA M 



+ o(a m V) = 



(t cf. (2.43)) 

128A (t + A)(t - A) 2 



(2tf 



+ 0(\- M 1 s) 



d(2 Q f 



d5 



R = t + A 



5_x 
A 



4 s . 2 A (t + A) (t-A) 2 + Q ( s 



(2t) 4 



A 



M 
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for 5\ and XjJ \ s\ small , and R\ < \j\ ■ Likewise, take A = Am + s and R = t — A , 
we obtain 



(2.46) 



d(2gf 



05 



R = t- A 



S_x 
A 



3 2A(f-A)(f + A) 



A 6 - 



(2ty 



O(t-) + 0(6$ 
.am 



for 5\ and A M \s\ small, and R\ < y| .In the following discussion, we restrict 
ourselves to the case 



(2.47) 



1 - A 2 > — > B 2 > 

t 



for some (fixed) positive numbers A and B , and 
(2.48) 



5 > > 2 

2 Am Am V 5 



Lemma 2.49. Under the notations and conditions in Lemma 2.21 , assume also (2.47) 
and (2.48). Let 

A = Am + s and 5 = \ £| . 
T/iere exist positive constants e$ , e 9 , e w and C 7 such that if 

(2.50) e$ > \ M l 5 > e$ > and Xj} \ s\ < e w , 

then we have 

(2.51) 



V? G| z (A M + s, Oil 



-96 



(A,0 



1 



> [C 7 -e 9 ]~ . 

am 



In (2.50) and (2.51), the numbers e 8 , Eg, Eio and C-j are independent on t and A as 
long as (2.47) and (2.48) are fulfilled. 

Proof. As the situation is rotationally symmetric, we may assume that 

f = ( 5 , , • • • , 0) , where 5 > . 

Moreover, 

(2.52) A = A M + s and \ M l \ s\ < e w ==► (1 - e 10 ) A M < A < (1 + e 10 ) A M , 

In formula (2.38) , we let 

Qb when R = Rb — t + A ; and by g c when R = R c = t — A . 

Clearly Qb and g c depend on A and £ . Using (2.43) and a argument similar to that in 
(2.45), we obtain 
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(2.53) 



(2<?) : 



(i + ^L) 2 



g b = ^ + + 0(51) and g c = ?f + o(JL) + 



Q b = Qc + O — + O(^). 
VAm/ 

Applying (2.48) and (2.49), we have 

Rb 



lb 

for 5\ and A A / | s| small, and R\ M < y - 



1 > a 2 



T 



Am + s Am V Am , 



t-A + °(am. 



1 



* > tl + ^ + M . 



A 



A 



[cf. (2.52)] 



l-(A/t) + Vam, 



Af 



Observe that — - 
Am 



~*~ — < J|. Thus if we choose £s and £io small enough 



(they depend on a and 6 ) , we can find a positive number c such that 

?± > i + c 2 =}> b o (1) C ^(A" 1 ^). 
A A 

Hence the boundary sphere dV^ 1 (B-c (X^Rbfj lies inside the northern hemisphere. 

Let us denote its radius (measured in the Euclidean metric in H n+1 ) by Qb\ ■ Together 
with the upper bound in (2.48), we can find positive constants C\ and c 2 so that 

(2.54) 1 - c\ > r bx > c\ > . 
Likewise, the boundary sphere 

(2.55) dV- 1 ( X^Rc)) 

lies inside the southern hemisphere when we suitably choose e 8 and e w . Denote by 
q Cx the radius (again measured in the Euclidean metric in IR ra+1 ) of the sphere in (2.55). 
Similarly, via (2.47) and (2.48), there are positive numbers C3 and C4 such that 

(2.56) 1 - 4 > r bx > c\ > . 

Thus we are justified to use (2.10), which, together with (2.45) and (2.46), yield 
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n n ~ 2 



diem 



d5 

n-2 



= Qb 



+ 



Q, 



?n— 1 1 



jd[0(S)} 2 



2 dS 

4 4 || S" 1 " 1 !! 5 A 



+ 



rf[£(5)] 2 



<25 



+ 



Q = e, 



dS 



e = 8c. 



A 2 (t + A)(t-A) /V 
4t 4 I A, 



2 A v /r ^T 

It follows from (2.47), (2.48), (2.54) and (2.56) that 



0[- m )+0 { 61) 



< A 2 (t + A)(« - A) 



A 



6a 



Hence we have 



9G ^ (A,0 



56 



4t 4 



> c 2 -5 A - 



> 



c 2 



2(n-2) 



v/i-a-ci) 2 4 



1 - (1 - a 



2\2 



> c 2 > 



1 

Am 



for A M : 5 and A A / | s| small 



5a = 



A 



Combining with (2.34) and (2.50) we obtain (2.51). 



□ 



§ 2 h. Derivative in A . Let us express (2.38) in terms of A : 
(2.57) (2 Q r . (4^[(l + ^-^) 2 + ^] 



R 

A ' 



5a 



[(.Ra + ^ + IHORa-^ + I] 2 
A 2 (4i?) 2 [ (A 2 + R 2 - 5 2 ) 2 + 5 2 X 2 ] A 2 (4i?) 2 [ (A 2 + R 2 - 5 2 ) 2 + 5 2 X 2 ] 



[(i? + 5) 2 + A 2 ] 2 [(i?-5) 2 + A 2 ] 2 [(R 2 + 5 2 + A 2 ) 2 - 4i? 2 5 2 ] 2 

Cf. the second last line in (2.41). The expression suggests that g — > as A — > + (or 
A — )> oo ), corresponding to pushing the boundary sphere toward the north (resp. south) 
pole. (2.57) guides us to 

(2.58) 9(2r)2 - 2A(4/?)2 



x 



x 



(A 2 + i? 2 -5 2 ) 2 + 2A 2 (A 2 + J R 2 ) - 



{[(i? + 5) 2 + A 2 ]-[(i?-5) 2 + A 2 ] } 2 

[ 4 A 2 ] [ (A 2 + R 2 - 5 2 ) 2 + 5 2 A 2 ] • [R 2 + 5 2 + A 2 ] 



[( J R + 5) 2 + A 2 ]-[(i?-5) 2 + A 2 ] 
We note that when 5 = (i.e., £ = 0) and 

A = A M (recall that A M = J (t + A)(t - A) , t > A) , 
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(2.56) provides the following information. When R = R b := t + A : 
d[{2g) 2 } (2X M )-(AR b ) 2 



dX 



A = A» 



(Rl + A M ) 4 

(2a m ) • m b ? 



x 



( R b + Am) + 2 A M (i? 6 + A m ) - 4A M (i? 6 + A m ) 
8AA m 



(Rl + A M ) 3 

When R = R c := t - A : 

d[(2r) 2 ] (2A M 



(2.59) 



<9A 



(-^6 _ A M ) 
(4i? c ) 2 



t 3 



(i2 c - X 2 M ) - 



8 A A 



M 



t 3 



a=a m (-^c + Am) 3 

Cf. (2.40). Combining with the information on the radius of the caps obtained in (2.39), 
together with (2.10), the changes at the boundaries of the two caps cancel each other. 
This provides another way to see (2.20) and Lemma 2.21. 

As the situation is rotationally symmetric, we continue to assume that we arrange 
£ = (5 , , • • •, 0), where 5 > 0. With the domain f2 as in (2.1) being an annular 
domain, clearly, G\ Z (X, £) = G\ Z (X, — £) . It follows that 

C| Z (A, = G, Z (A, 0) + O(|£| 2 ) when \£\ = \5\ is small. 

In what follows, we provide a more formal argument. 

Expansion for small 5. Rewrite (2.58) in terms of R\ (= RX" 1 ) and 5\ (= 5 X~ r ) : 



(2.60) 



<9(2rf 
dX 



2(4i?A 



A {[(Rx + hy + l]-[(Rx-5x) 2 + l]y 



x 



x 



(1 + RZ-SiY + 2(1 + ^) 



m + R 2 x-5lY + 5l}x[Rl + 5l + l 



[(Rx + Sx) 2 + l]-[(Rx-Sx) 2 + i; 
Using the expansion in (2.43) we derive the following [cf. also (2.40)]. 



(2.61) 



d{2rf 



(4i?A 



dX 

(2A) • (4R) 2 



A (i + Rir 



(R 2 x-l)+0(5l)} 



{R 2 - A 2 ) + (A 2 ) • O (S 2 X ) for 5 X > small , here R x < 



2 + 



\ (X 2 + R 2 ) 3 

In the above formula, c is a fixed and small positive number. Comparing with (2.40) 
and using the discussion in § 2f , we recognize that the leading order term in (2.61) is the 
derivative in the unperturbed case. Combining with (2.10), we find that (for A close to 
Am ) 



(2.62) — !*(A, 



d ° lz (A , 0) + \ O (5 2 x ) for 5 X > small , R x < 
X 



dX v ' ^ dX 
Applying Lemma 2.26 to (2.62), we obtain the following result 
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Lemma 2.63. Under the notations and the conditions in Lemma 2.21, let 8 — | £| 

and A = Am + s , and assume (2.48) , there exist positive constants in , i 12 , £13 , and 
C 8 , such that if 

Am I S\ < in, i 12 > A M X | s\ > e 13 > , 



(2.64) 
then we have 



(A M + s , 



> C8 ' £ 13 



A 



ifere i/ie positive constant C$ is independent on t , A and A as long as (2.48) and 
(2.64) are fulfilled. 

§ 2 i. Stability under perturbation. Recall that we denote the critical point by 
Pm = (Am , ) , where (as usual) A M = \J (t + A)(t — A) . 



Lemma 2.65. Under the notations and the conditions in Lemma 2.21 , assume also 
conditions (2.47) and (2.48) . We can find positive numbers 7 G (0, 1) and C$ such 
that 

aD min || V C| Z (A, f; n)\\ > C 9 -7-— , w/iere 

a5 PM (7A M ) = {(A, O e H + xlR" I | s | 2 + |^| 2 = ( 7 .Am) 2 , »f^ = A-A„}. 

In addition, the constants 7 and Cg do ncd depend on t and A as /ong as (2.47) and 
(2.48) are fulfilled. 



Proof. We take 7 to be small so that 

^5 



(A, G <9B PM ( 7 A M ) 



9 t + A i - A 12 
- + c 2 > -± — > — > \l- -c 2 > 0. 



2 A A ~ V 5 

For a point (A, £) G <9-B Pm (7Am), with s = A — Am and | <5| = |£|, we have 



7 1 1 7 
either | s\ > —j= Am and \o\ < —j= Am 

v 2 v 2 

where we use Lemma 2.63 ; 

7 7 

or I 5\ > —= Am and | s\ < —= \ M 

v 2 v 2 



<9A 



V? G| Z (A, e; n)|| > 



> 



A 



CT7 
Am 



(via Lemma 2.49). Thus we have the desired estimate. 



□ 
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§3. Infinite number of solutions. 



We begin by understanding the effect caused by other annular domain B Q (R) \ B a (p) at 
a point (A c , 0) (can be thought of as a critical point for another annular domain). As 
before, R > p are given positive numbers. 

R o 

§3a. C°-effect: the case \~ l R > 1 and \~ l p » 1 . Let —>-(-> 1 . In this 

A c A c 

case the annular domain, when pulled back to S n via V , shrinks around the north pole. 
To be more precise, we consider the following computation. 



Let tan 9 R = 



R 



6r := arctan 



sin 



7T 



- e 



R 



TV 



sin I - - 9 R 



-) 

^ ( 1 + ^ 
R\ R t 



Ac 
R 



R 



(3.1) 



7T 



2 -Or 



sin (p R = <p R [ 1 + O (<p R )] = if R 



PR = 



Ac 
R 



1 + O 



Ac 
R 



1 + U, 



for 



large . 



It follows that 



(3.2) < sin 2 0* = sin(7r-2^) = sin 2 (| - fl ) < 2sin(| - fl ) = O Q^) 
Likewise, we define P is a similar fashion, and obtain 



(3.3) < sin 26 p = sin (tt - 20 p ) 



7T 



sin 2 ( - - 9 p < 2 sin ( - - 9 



7T 



for A c 1 p 3> 1 . It follows that 



(3.4) 



A, 



B (R)\B (p) \\ c +\y\ 



\\S n \\ f 2 arctan ^7 



[sin 9'} n - l d6' 



2 arctan 

Ac 

n-l 



< c 



< c 



p 



arctan 



n-l 



TT 



— arctan 



arctan 



(here \y\ = tan 9, 0' = 2 0) 
[via (3.2) & (3.3)] 



( here 






xj 








.2 
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< Ci 



n-l 



n-l 



A c (R-p) 
Rp 



O 



[using (3.2) & (3.3)] 
when X' 1 R > A" 1 p > I. 



§3b. C°- effect: the case A" 1 R « and A,: 1 p « 0. Let 

(3.5) e 2 > — > — > , where e is a (small) number . 

A c A c 

The situation is upside down (in S n ) of the consideration in §3 a . 



(3.6) / 

< a 



A f , 



B (R)\B (p) \X 2 + \y\ 2 / 
A J VAc 



< C 



II Cn 1 1 z-2 arctan ^ 
II I 1 / c I a' 1 n-l 7/1/ 



2 ra J 2 arctan -A- 



[0'] n -W (9' = 29) 



(domain gathers around the south pole) 



C" -R n -^{R-p) 

Ac n 



for ^ > — > f- > 

Ac Ac 



§3 c. C 1 - effect. Based on (6.6) in Part I [16], we have 



dG\, 



(Ac, 0) 



< c x 



Ac™ • I y\ 



b (R)\b (p) (X c 2 + \y\ 2 ) n+l 



,r \ c n . r n dr 

Co 



P (A c ^ + r 2 )™+! 



/-arctan -M- (*] r2 arctan 

^ • / c [ cos 9] n [ sin 9] n d9 = ^- c [ sin 9' } n d9' 

\ c J arctan -P- \ c J 2 arctan 



for j = 1 , 2 , ■ ■ ■ , n . In the above, r = tan 9 and 9' = 29 . We can carry out similar 
argument found in §3a and §3b. As in (3.4), we have 



(3.7) 



A c n • r 



b o{ r)\b (p) (A 2 + \y\ 2 ) n+1 A c \p 
On the other hand, 

Ac n -r 



< ^(Ky xAR-p) for A -i jR>>1) A -i p>>1 . 



Rp 



(3- 



b (r)\b (p) (X c 2 + \y\ 2 ) n+1 



< 



C" (R 



A c VA 



P 



• — ^ for A c 1 R and A c 1 p small . 

A c A c 



Likewise, using (6.1) in Part I [16] . we provide similar estimates for 



ggj. 
<9A 



(Ac, 0) 



Observe that the first term inside the bracket in (6.1) is similar to the integral in (3.4) 
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and (3.6). Knowing that this becomes the dominating term, we have the following results. 



(3.9) 



V 



A 



b (r)\b (p) \X 2 + \y-£\ : 



(Ac, 0) 



(3.10) 



V 



A 



b (r)\Bo(p) \X 2 + \ y-£\- 



(Ac, 0) 



< 



c (x 



n— 1 



1 R-p 



A, 



A c V P J R P 
for A^ 1 R > 1 and A" 1 p > 1 . 

< c /Ry- 1 ^ R ^ i 

A c \A C / A c 
for A^ 1 R and A" 1 p small . 



§ 3 d. Effect from £. Consider the expression : 



A c 



M + \y-Z\ 



x, 



x r 



M + \y\\ 



Xl + \y\ 2 -2yt+\^ 
Case one : there exist positive numbers c\ and C such that 



1 



1 + 



S/| 2 +A2 



AJ 1 1 CI < ci and \Z x p>C 



y\ 2 + K 



l 

< - 

~ 2 



A, 



A* + ii/-ei 



2 / — 



< 2 n - 



A, 



A 2 + |y| 2 , 



for p < \ y\ < R. 



Case two : there exist positive numbers c\ and e such that 

A; 1 |f| < ci and X" 1 R < e 
( Ac 



iei 2 -22/- e 




A c - 2 U| 2 -2(A c - 1 y).(A- 1 


N 2 + A 2 




A- 2 |y| 2 + l 



1 

< - 

- 2 



* c + \y-t\- 



< 2 r 



Ac 

A 2 + 1 y| 2 , 



for p < \ y\ < R. 



Under the condition A^ 1 | £| < c± , the argument leading to (3.9) and (3.10) can be applied 
to the situation £ ^ after multiplying the estimates by a fixed constant. Moreover, so 
far we assume that | H\ < 1 . The results can be rescaled correspondingly to \H\ < A 
for any positive constant A . 

Lemma 3.11. Given any positive numbers R and p with R > p, in (1.3), assume 
\H\ < A in the annular domain B (R) \B Q (p), and that H is equal to zero outside. 
Then we can find positive constants c , e , and C such that for 
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(3.12) A" 1 1 < c , X~*R > C and X' 1 p > C 



vl W<^ (!,) ( v + i« - w . 



(Ac , 



\P 



R 



(3.13) AJ 1 1 ^| < c, e>X~ 1 R>0 and e > X' 1 p > 



(Ac , 



< ^ ( JT) p) ^ — 

An VA r / A n 



Moreover, the positive constants C 1 and C 2 do not depend on X c , £ , R and p as long 
as the conditions in (3.12) and (3.13) are fulfilled {respectively). 

§ 3 e. Effect from changing H . Suppose that H and H\ are bounded and L 2 -integrable 
on IR n , and 



(3.14) 



[ \H(y)-H 1 (y)\ 2 < e n - sup | tf] 

•/jr. \r 



To distinguish the reduced functionals, we denote by 

A 



(3.15) G lz m(z) = c_! ^„^i(y) 



LA 2 + |i/-£| : 



for z = Va, ^ G Z. 



Likewise, we define G\ Z (H) . 

C°- estimate. Applying the Holder inequality, we have 

(3.16) \G lz (H)-G lz m\ 

I X \ n 
C ^L Hiy) [ x^ + \y-^ ) ~~ C - l L HM 

X 



X 



< c_ 



i ' 



A 2 + l!/-«l 2 



X* + \y-i\\ 
i 

\ 2n" 



A 2 + ll/-£l 2 , 



< C , n - (j) 2 ■ ^sup |#| j . 



Precisely, C , n = | c_i| • M| -S'^ 1 1| [sintf]™- 1 [costf] 3 ^ d9j. 
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C 1 - estimate. Consider the first derivative in £. Refer to (6.3) in Part I [16] . As in 
(3.16), we have 

dG lz (H) dGM) 



(3.17) 



< \c-i\ 



9£i 



n \H(y) - Htiy)]- 



X 2n 


Hi 




(A 2 + 


y 


_ £ 2^2n+2 



< C e 2 ■ sup | H\ 

Vnr 

= C'et . (sup \ H\ 
VlR n 

= C"e§ - (sup \H\ 
VIET 



X 2n 


1^ - y 


2 


(A 2 + | 


y _ £ 2)2n+2 



A 2n r n+1 rfr 

o (A 2 + r 2 ) 2n + 2 

A 3n+2 [tan(9]™ +1 sec 2 6 d6 



'e\S 1 

Cl, n ( T ) T • SU P I #1 

IT 



a; a 



A 4(n+1) [ sec 2 fl]2n+2 

Here j = 1, ■ ■ •, n, and C\ t n has a similar expression as C 0) n [in (3.16)]. From 
here, we know that by counting the power of A and r , the other expressions in the first 



derivative of A can be estimated accordingly, and it is also of order O 
summarize the discussion of this section in the following. 



" E~ 




.A. 





. We 



Lemma 3.18. Suppose that H and H\ are bounded and L 2 functions on IR™. Assume 
that (3.14) holds. Then 

1 



(3.19) 



V [G ]z (H) - G^HJ 



(A, 



sup I H\ 
JR n J X 



for all (A , G 1R + x IT. 



§ 3 f. Spacing. For a number a > 1 , let the annular domains be set up at 
1 + rj 



(3.20) B a 



a 



B n 



1 — Tj 



1 + v 



a fc J \ " V a fe 



Given positive numbers r and r/ (to be specified later), define 

i . _ n + v 



(3.21) H{y) 



for y G B 



B n 



1 — t] 



fc = 1, 2,-.-; 



6» vt\J {B.[^)\B.' i 



k=l 



H(y) = 

We first observe that if we choose i] G (0, 1) so that 
(3.22) (1 + 77) < (1 - 77) a 



1 + 77 1—77 
' < r-^ 



,fc+i 



and 



1 + 77 1 — 77 

r- 1 < 



,fe-i 



(That is, the next annular domain is surrounded by the present one.) 
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For each individual annular domain indexed by a positive integer m , the critical 
point appears in {\u m , 0) , where 



(3.23) A 



Mrr 



1+1] 1—1] 



via Lemma 2.21 ) . 



For the reader's convenience, we describe the effects of other annular domains first, before 
smoothing out the " edges" . 

Effects from outside annular domains. Here we fix m > 2 . We prepare to apply (3.12) 
in Lemma 3.11 to estimate the C 1 - effect. For a point (A , £) e 1R + x IR n with 

I A - A M J < cA Mm [i-e. (1 - c) A Mm < A < (1 + c)A M J , and | f| < c, 

where c G (0 , 1) is a constant, we obtain 

A -1 x (inner radius of the nearest outside annular domain) 

> 



1 



l—i] 



l — i] 



1 + c a™- 1 A 



Air, 



1 + 1] 



When a is large enough, c is small enough, and i] < 1/2 , we can apply (3.12) in Lemma 
3.11 to obtain 



m—l 



(3.24) 


I 


E 

:=1 


V 


< 


/~i m- 






I I 


n 


[(1 - 


< 


c 


m—l 

E 

fc=i 


{(= 




C v ,c 


i m— 

• E 



A 



H{y) 

A 



(1 + rj) a- fc 



,fc\n 



Cr, 



A 


\ n 






■ 1 - 




_ a rfe_ 


-i 





(A, 



A 



E 



fe=i 



?7,c 



( 1 1 



1 [a"- r ] m - a n ~ r < C^, c 



- 1 



A 



M„ 



[ a"- r ] m " 1 ( provided a n ~ r > 2) 



A 



C 1 

I • for < i] < -, | A - A M J < cA Mm & A^ 1 |f| < c. 

a rm / a n— T 2 — — 



Roughly speaking, the first term in the last expression above is the strength of the gradient 
from the contribution of the m-th annular domain (cf. Lemma 2.65). Once we take 
r > n , the last term in the above, that is, C v ; c / a n ~ r , can be made small when we 
choose a large enough (maintaining < i] < 1/2). 
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Effects from inner annular domains. Similarly, 

A -1 • ( outer radius of the nearest inside annular domain) 

< 



1 + v 



rj 



1 - c a m+1 A 



M„ 



1 — c a 



i - v 



When a is large enough, c is small enough, and rj < 1/2, we apply (3.13) in Lemma 3.11 
to form the following estimate. 



(3.25) 



E 

k=m+l 



V 



H(y) 



A 



f~il oo 

fe=m+l 

r" 



(1 + 77) a k 


/2 77a- fe \ 


■ 1 ■ 


A 




.a rfc . 



A 2 -h 1 2/ — ^1 2 



(A, 5) 



< 



A 



»7 , c m n 



• E 

k=m+l L 



a 



n+r 



A 



m+1 



1 - 



— < 



A 



C'r,, c 



for < 77 < i , I A 



< c\u m and A M * |£| < c. Likewise, the last term 



C' I a n+r+1 can be made small when we choose a large. 

§ 3 g. Smoothing out the edges. We thicken the annular domain by bringing in the 
adjustment factor a > : 

'1 + (77 + a)\ 



(3.26) 



B„ 



1- ( v + a) 



Here 1 — (77 + a) > . Recall that if is defined in (3.21) . We make use of the extra 
space available in (3.26) to smooth out the inner and outer 'edges'. To do that, fix a 
C°° - function J 7 on ]R n with the following properties. 

(3.27) F{y) = 1 for 1 - 77 < \y\ < 1 + 77, 

F{y) = for | y\ > 1 + (77 + a) or | y\ < 1 - (77 + a) , 
1 > ^"(y) > for 1 - (77 + a) < \ y\ < I - rj or 1 + (77 + a) > \ y\ > 1 + 77 . 



For an integer m > 1 , let <r = a 

1 



(3.28) 



S(y) = 



Then consider the rescaling 



a rm <r 



,m (r — h) 



sup || «S|| — >■ for h < n — 1 as m — > 00 (n — 1 < r < n) 

it 
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Denote the smoothened function by H s , which has the following property. 



(3.29) H* (y) = -L for y 6 B (i±5) \ B„ (i-^) , * = 1, 2, 



fc=i 



(3.30) \\ sj (h 1 H s (y)\\ ^ for /i < n-l as 1 2/ 1 — ^ 0^ 



§3h. Regularity of H s at . It follows from (3.30) that H s has (n — l)-th order of 
flatness at . As 

(3.31) n>T>(n-l) r - (n - 1) > , 

we can gain a bit of Holder regularity at the origin, arriving to H s e C n_1, ^ (!R n ) . 
Currently, this appears to be the best balance between strength [cf. (3.29)] and spacing 
[cf. § 3 f and (2.48)] . 

§ 3 i. Existence of an infinite number of stable critical points and the proof of Main 
Theorem 1.7. Let us now fix r e (n — 1, n) , and make it precise that 



(3.32) n m := 5 ('!±!T) \bJ* " " 



a 



//,,(//) := for y£ fi f'I±^ \ H„ ' 



in. 



Here to e IN \ {0}. With definition (2.1), and via Lemma 2.21 and Lemma 2.23, 
G| z (« , • ; fi m ) has a non - degenerate critical point at 

J(l + T])(l - 7]) 

(3.33) p Mm := (A Mm , 0) , where A Mm = — ; • 

It follows that 



(3.34) (l±Jll^l = EH, (i-v)»- m = r^zJL = „. 

1 ^ A Mm V 1 - ^ A Mm V 1 + v' a— ' 

t + A t-A A 

Cf. — , — , — in Lemma 2.65 . 

Am Am t 
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We now find and fix r] G (0, 1) so that 



(3.35) 



A 2 > rj > B 2 > and - > 



1 + V 1 - V ^ 2 
> > - 

1—1] 1 + 1] 5 



One can verify that with (3.34) - (3.36) , conditions (2.47) and (2.48) are fulfilled. (We 
emphasize that the choice of i] is once and for all m = 1, 2, • • • . ) 



that 
(3.36) 



After a rescaling ( H = 1 — > H = a rm ) , the conclusion in Lemma 2.65 implies 

C 9l 1 



min || V G| Z (A, £; fi m ) (A , Oil > 



ffi p Mm (7A Mm ) 



Am™ a 1 



Here the positive constants Cg and 7 do not depend on m . 

To keep the notation neat, we introduce G\ z (H m ) and G\ Z (H S ) as in (3.15) . We 
claim that 



(3.37) 

Let us begin with 
(3.38) 

< Ci 



U G\ Z (H S ) has a stable critical point inside -B PMm (7AM m ) 



V {G lz (H s ) -G lz (H m )} 
V 



(A, 



m— 1 



+ E 

fe=i 

+ 



M±±§^)\Mi^i) 



v 



tf 5 (y)-tf(y)| 



A 



(i±5+£))\ Bo (i^)) 

=m+l V-° l— II 



H s {y) 



\ 2 + \y-i\ 2 , 
A \ n \ 



(A, 



A 2 -h 1 2/ — el 2 . 
A 



(A, 



Starting with the first group in the right hand side of (3.38), we proceed with 

H s (y) - H m (y)\ 2 



(A, 



< 



«o — — J \ Bo { — — ) 

2 ^ 2 



dy 



< 4 115 



ra-l| 



Bo (i±^l) XSo (i^)) 

r n - L dr + , r n_1 dr 

° T7T 



n-1 

1 

1+2 



[using (3.29) & (3.30)] 
1 ^ 2 



< c^) B -{[i + fo + <r)]»-[i + *r + [i-C-[i-(^ + ^)] n }-(^)' 
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< C 3 — -ax 



for a > small ) 



< 



Ca <J n 



sup I H v 
.1R 71 



< (C R <rn.X 



M„ 



sup I ifr, 
IT 



via (3.33)] 



The positive constant C 5 does not depend on m. Cf. condition (3.14), which is required 
in Lemma 3.18. The argument leading to Lemma 3.18 shows that 



(3.39) 



V 



B„ 



a m I \ Bo I a m 



A 



A 



[Am to is expressed in (3.33) 



for (A, G 5 Pcm ( 7 A 



1 - 7) A Mm < A < (1 + 7 ) A 



The second and third groups in the right hand side of (3.38) can be estimated as 
in (3.24) and (3.25) by changing (1 + 77) -»■ [ 1 + (77 + a) } and (1 - 77) -»■ [ 1 - (77 + cr) ] 
[when a > is small, the arguments in (3.24) and (3.25) are not affected] . This leads 
to 



(3.40) 



V {G lz (H s ) -Gu(H m )} 



(A, 



< 



A 



M r: 



n+T+1 



The positive constants do not depend on m, a, 77 and 77 , as long as the conditions in 
(3.35) are fulfilled, and 77 is small enough. Recall that n — 1 < r < n . Hence we can 
choose 'a' to be large enough, and a to be small enough, so that (3.40) yields 



(3.41) 



V {G\ Z (H S ) -G h (H m )} 



(A, 5) 



< 



1 c 9l 1 



2 A 



M„ 



for (A, £) e (j \M m ) ■ (3.36) and (3.41) imply that the gradient estimate 

1 



(3.42) 



V {G\ Z (H^ 



(A, 



> I C ^ 



2 A 



M„ 



for (A, 0e^B P c m (7A 



M r , 



Together with (2.25), and C° property of degree [refer to [9] ; cf. also (A. 3. 5), (A. 3. 6), 
(A. 3. 7) and (A. 3. 8) in the e -Appendix], we conclude that 



Deg( V G| z (i/ 5 ), B PMm ( 7 A Mm ), °) = ^g( V G lz (H m ), B PM hX 



M„ 







1 . 



(For more information on the degree, see, for example, § A. 3. 3 in the e -Appendix . ) Hence 
G\ Z (H S ) has a stable critical point [denoted by (A m , £ m ) ] inside B PM (j\ Mm ). {See 
[9] ; cf. also (A. 3. 4) and §A.3.4 in the e -Appendix.} 
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As the above argument works for all m G IN , we apply (3.42) in above, together 
with Theorem 4.26 and Lemma 5.4 in Part I [16], to deduce the existence part in Main The- 
orem 1.7. Moreover, (1.10) in the Main Theorem is a consequence of Theorem 4.17 in Part 
I [16] and the fact that the stable critical point (A m , £ m ) G -B PMm (7 Am to ) =>■ A m — > + 
and £ m — > as m — > oo . It also follows that | £ m | < C X m for m > 1 . 

§ 3 j . Back to S n . When we transfer the solutions {f m }„ =1 back to S n via the stere- 
ographic projection as solutions {M m }™ =1 of equation (1.1), we need to show that the 
north pole N is a removable singularity. This follows from the fact that the solutions 
{ v m}m=i appeared in Main Theorem 1.7, where we obtain in §3h, have bounded || || v 
-norms (recall (2.8) in Part I [16]) . In fact, using the Sobolev inequality [(2.9) in Part 
I [16J ], the Kelvin transform as used in the proof of Theorem 3.16 in [13], together with 
a result of Brezis and Kato [6], we show that N is a removable singularity. See § A. 14 in 
the e -Appendix. From the form of V [ (2.1) in Part I [1.6] ] , it can be seen that the south 
pole S is the blow-up point for the sequence {u m }^ =1 . 

e - Appendix can be found in 

www.math.nus.edu.sg/ ~ matlmc / e -Appendix.pdf 
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